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Exercise 1

We say that a finite poset II is graded if every maximal chain in IT has the same length r, which we call the
rank of II. The length ¢11(x,y) of two elements = < y in II is the length of a maximal chain in [z, y|. A graded
poset that has a minimal element 0 and maximal element 1 is Eulerian if its Mobius function for z < y is

pri (2, y) = (—1) ).

The zeta polynomial of I is defined as o
Zn(n) :==¢"(0,1).
Show that if IT is a finite Eulerian poset of rank r then

Zn(—n) = (=1)" Zu(n).

Exercise 2
Show that the face lattice & = ®(P) of a polytope P is an Eulerian poset of rank dim P and
le(F,G) =dimG — dim F

for any two faces F' < G in .

Exercise 3
Let P be a d-dimensional polytope and ®(P) be its face lattice. We define
AZypy(n) == Zap)(n+1) = Zap)(n).
(i) Show that AZgpy(n) equal to the number of multichains
P=F<F=---<F, <P

(i) Show that the combinatorial reciprocity for Eulerian posets implies that

(—1)?AZyp)(—n) = AZg(py(n — 1).

(iii) Show that if P is simplicial, that is all of its proper faces are simplices, then

d
AZypy(n) =1+ Z pdim(F)+1 _ ka_l(P)nk’
0<F<P k=0

where f;(P) is the number of faces of i-th dimensional faces of P for i > 0, and we set f_;(P) = 1
accounting for the empty face.

(iv) Deduce that for every simplicial polytope P and 0 < j < d

d
k
‘ _ _1yd—k (P).
fi-1(P) ,;:.( 1) (j>fk— (P)

J

These linear relations are known as the Dehn-Sommerville relations. The case j = 0 recovers the
Euler-Poincaré formula.

Exercise 4
Let P be the d-dimensional cross polytope
P={xecR%: |z1|+...|zq <1}

If 1 <j <d, show that f;_1(P) = (7) 27, Verify that the Dehn-Sommerville relations are satisfied.



