Cesar Ceballos Combinatorial Reciprocity Theorems via Geometry Winter Semester
Institute of Geometry

TU Graz Exercise Sheet 09 2020-2021

Exercise 1

Show that for integers m > k > 0,

Exercise 2
Find a formula for the generating function F(2) =}, - f(n) of the following sequences:
@ f(n)=3n+1.
) f(n) = (7) +4(0) + (5)-
(iii) The tribonacci sequence 0,0,1,1,2,4,7,13,24, ... determined by the recurrence
fin+3)=f(n+2)+ fln+1)+ f(n),

with initial values f(0) = f(1) =0 and f(2) = 1.

Exercise 3
For each sequence in Exercise 2, find a formula for the generating function
Fo(z) =Y f°(n)",
n>1

where f°(n) := f(—n). Note that the sum starts at n = 1.

Exercise 4

Let (f(n))>o be a sequence with initial values f(0), f(1),..., f(d — 1), such that for every n > 0 it satisfies the
linear recurrence
cof(nt+d)+erfln+d—-1)+--+caf(n) =0,

for some ¢y, ..., cq € C with ¢g,cq # 0.

(i) Show that
P =Y )= — )

co+ciz+ - +cqzd’
n>0

for some polynomial p(z) of degree < d.
(ii) We can run the recurrence backwards and define f°(n) = f(—n) for n > 1. Show that

B 2p(2)
cozd+ 1zt teq

Fo(z):=Y_ fo(n)z" =

n>1



