CONVERGENCE OF
ITERATIVE SCHEMES ON METRIC SPACES

OLIVER EBNER

ABsTrACT. We analyze the convergence of iterative refinement processes on
metric spaces, imposing the principle of contractivity to obtain convergence
criteria. As a major result, we show that on Hadamard spaces a wide natural
class of contractible barycentric subdivision schemes converges.

INTRODUCTION

Linear subdivision schemes have a short, yet eventful history in different areas of
pure and applied mathematics. Topics in which these refinement methods appear
include harmonic analysis, see e.g. [7], and the theory of functional equations, cf.
[4]. A scheme of this type refines a data grid = : Z* — R™ according to

Swi= Y ai_okw, where #supp(a) < oc. (1)
keZs

This actually amounts to 2° linear subdivision rules, one for each residue class
modulo 2Z°. The scheme S is said to converge if for each x € £ the powers of S
acting on = approach a continuous limit Sz : R® — R"™ uniformly in a sense that
lim,,, sup; ||S*°x(i/2™) — S™a;|| = 0. The convergence analysis of linear schemes
with nonnegative mask coefficients ay, its beginnings comprehensively described in
[2], was further developed by Zhou in [11], who showed that these schemes converge
as long as their mask’s support has an appropriate shape and the property of affine
invariance is fulfilled, meaning ), a;_ox = 1 for i € Z°.

The hypothesis of affine invariance is natural in a sense that every convergent
scheme is subject to it. Moreover, it allows to at least formally generalize equation
(1) to arbitrary metric spaces:

Sz; = argmin( Z ai_ond(zk,)?). (2)
kEeZs

This nonlinear refinement method, referred to as barycentric subdivision, has the
advantage of being well-adapted to the metric structure of the underlying space.
As a drawback, however, the existence and uniqueness of the minimizer in (2) is
not always guaranteed, even if the weights are nonnegative. Nevertheless there is
a nice class of metric spaces in which barycentric schemes with nonnegative masks
are well-defined — namely the complete geodesic spaces of nonpositive Alexandrov

curvature, known as Hadamard spaces, cf. [1].
As far as barycentric schemes on finite-dimensional Hadamard manifolds are
concerned, at least smoothness properties are well-understood, cf. [5]. However,
convergence analysis even in this setting remains to be developed. Convergence
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criteria known so far, see [10] for a univariate result, rely heavily on differentia-
bility. This paper aims at a first understanding of barycentric schemes on general
Hadamard spaces.

The article is organized as follows: In Section 1, we prove a convergence criterion
valid on complete metric spaces based on contractivity. The second section handles
the task of identifying contractive schemes. Section 3 uses the results obtained in
the first two to establish convergence of contractive schemes on Hadamard spaces,
see Theorem 10. Making use of this theorem and the contractivity criteria obtained
in Section 2, we show that a barycentric scheme with nonnegative mask whose
support is sufficiently well-behaved converges, cf. Corollary 11. We thus generalize
corresponding linear results from [2].

1. REFINEMENT SCHEMES ON METRIC SPACES

This section establishes a theorem on complete metric spaces ensuring conver-
gence of contractive schemes comparable to convergent ones. To begin with, we
introduce some notions used throughout the paper:

Definition 1. Consider a metric space (X,d) and set X, = {z |  : Z° — X}.
A scheme S : Xy — X, is called convergent on Q@ C X, if for all x € Q there
exists a continuous function S®z : R® — X such that de(S®z(-/27),S5"z) =
sup,; (S*°x(j/2"), S"z;) tends to 0 as n — oo.

Moreover, the scheme is called contractive with respect to some nonnegative
function D : X, — Ry if and only if

D(Sx) < vD(x), where ~<1.

We refer to D as a contractivity function for S. Unless specified otherwise, a
contractive scheme is called convergent if and only if it has this property on the set
Qp ={z € X, | D(x) < o0}

Remark 1. Sometimes notation becomes more accessible if one views S™x not as
an element of X, but rather as a function on the refined grid S"z : 27"Z2° — X
through the natural identification S™xz; = S"x().

Theorem 1. Let (X,d) be a complete metric space. Suppose a convergent iterative
scheme T : Xy — X, satisfies

dos (T, Ty) < doo(z,y). (3)
Moreover, assume the scheme S is contractive with respect to D and

doo (T, Sz) < C - D(x) (4)
holds for any © € Xs. Then S is convergent.

Proof. We set f,(y) := T°°(S™z)(2"y) and claim that this defines a Cauchy se-
quence in (C(R*, X),d~). Note first that given n € N and y € R®, by continuity
of f, respectively f,+1, we find j € Z® and m € N such that

d(fr(y), fr(27™j)) < C-D(x)y"™ forr =n,n+1. (5)

Moreover, due to convergence of T', by multiplying both the numerator and the
denominator of the number j/2™ with a power of two if necessary we may assume
m to be sufficiently large for

d(fr(2775), T (S"x);) = d(T™S"x(2"™5), T "(5"x);) < C - D(x)y"
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to hold for » = n,n + 1, in addition to (5). This together with (3) and (4) implies
A(fn(Y)s frr1(y)) < d(faly)s f2(2777))
+d(fn(2775), TS x5)
+d(T™ Sy, TS )
+ (TS  ay, fara(277))
+ d(frn1(2775)s fas1(y))
< 5C - D(z)v",

showing that f,, is a Cauchy sequence. Since X is complete, we find a continuous
f:R®* - X with f,, — f uniformly. We claim that S™x converges to f in the sense
of Definition 1. For m > n and j € Z*, we obtain the inequality

=

m—

dA(T™ 8"z, 8™a;) < Y d(T™ kSkg; Tm—h=18k 1))
k=n
m—1
D
<> A D@)C <" D) |
k=n 1- v

which together with
d(fn(277), 8™ ws) < d(f(2775), TS ;) + d(T™ "S5 x;, S ;)

establishes the claim. O

2. RECOGNITION OF CONTRACTIVITY

This section is devoted to a simple criterion of contractivity, namely Proposition
5 below. Referring e.g. to [8] for details, we start by recalling some fundamental
facts on Hadamard spaces. These complete geodesic spaces allow for a notion of
nonpositive curvature in a sense that geodesic triangles are ‘slim’ compared to the
Euclidean ones of the same edge lengths: The defining property of such a space X
is the so called Hadamard inequality

1 1 1
d('sz%)Q < §d(27x0)2 + §d(27x1)2 - Zd(xovxl)Qa
where zg, 21,z € X, and r1 denotes some midpoint of x¢ and 1 satisfying d(zo, x%) =

Ay, 21) = 3o, 7). ]

x2

FIGURE 1. A ’slim’ geodesic triangle.

Hadamard spaces for instance play an important role in the theory of cost-
minimizing networks, see [3]. Topological examples are trees as well as euclidean
Bruhat-Tits buildings. Notably, for a measure space M, and N Hadamard, the
space of strongly measurable square-integrable functions L?(M, N) inherits the
Hadamard property. It is remarkable that these spaces also occur as families of
certain geometric and topological structures, such as spaces of Riemannian and
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Ka&hler metrics or spaces of connections. The latter examples actually are gener-
ically infinite-dimensional Hadamard manifolds, see [6]. An instance of a finite-
dimensional Hadamard manifold significant in applications is the space of symmet-
ric positive definite matrices, which occurs in Diffusion Tensor Imaging.

We define the barycenter or center of mass of a L? probability measure p on the
Borel algebra of a Hadamard space by

b(u) = argmin/X d(-, ) u(dx).

It is well-known that on Hadamard spaces, this barycenter exists and is unique, see
[8]. Recall that a coupling of probability measures p and v is a measure on X x X
satisfying m(A x X) = pu(A) and n(X x A) = v(A) for all Borel sets A. We define
the L'-Wasserstein metric (see [9]) on the space of probability measures by

dV (u,v) = inf { /X . d(z,y)m(dzdy) | 7 is a coupling of u and V}.
X

Proposition 2 ([8]). On a Hadamard space, the barycenter b is Lipschitz-continuous
as a map from the space of probability measures to X. More precisely,

d(b(n),b(v)) < 4 (,v).
We continue by adapting the theory of barycenters on Hadamard spaces to fit
into the setup of nonlinear refinement schemes. Throughout the rest of the paper,
we encounter situations in which two sets of data are given:

(i) A finite measure « on the discrete sigma algebra of Z*, whose weights a({i}) =
a; > 0 satisfy >, a; = a(Z%) = 0 > 0.

(ii) A multivariate sequence of data points x : Z° — X.
In this setting, we consider the induced probability measure u, = %x*a on x(Z*%)
and define

To =b(ug) = argmin(z ad(xi,)?).
3

This little instance of double-thinking allows us to apply convenient properties of the
barycenter in the convergence analysis of refinement schemes based on formula (2).
The involved inequalities to a certain extend resemble the corresponding Euclidean
ones:

Corollary 3. Let (X,d) be a Hadamard space. Suppose we are given weights
a;, Bi € R>o and data points z;,y; € X, 1 € Z such that 0 < 0 = ) . a; < 00
and 0 < 7 = >, ;i < co. Moreover assume %x*a, %x*ﬂ and %y*a constitute
L2-probability measures w.r.t. the metric d. Then the following inequalities hold

good:

IN

A@aia) < 2 ard(aip) ©

Aear®s) < —= 3l dlai, o). (7)
0.

Proof. Set u=z xy,v=xxz:7Z?> = X x X, i.e. u(i,j) = (w;,y;) and v(i, j) =
(z;,x;) for i,j € Z. Moreover, define measures p and v on Z? via u(i,j) = d;;0u,
where d;; denotes the Kronecker delta, and v(i, j) = ;3. Let ¥ : X x X — X and
w; : Z X Z — 7 denote the projections on the i-th components for « = 1,2. Then,
using the fact that for any pair of functions fi, fo : Z — X one has 7 o (f1 X fa) =
fiom;, it is easy to verify that %u*u is a coupling of %x*a and %y*a. Similarly, one
shows that U—lTv*V is a coupling of %x*a and %x*ﬁ. Thus the statement directly
follows from Proposition 2. O
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Lemma 4. Suppose for i = 1,...,n we are given nonnegative weights «;, 5; and
control points x; € X such that > ,o; = > . = 0 > 0. Then there exist a
positive integer r, nonnegative weights v; and control points y;,z; € {x1,...,2n},
j=1,...,7r, such that

Z%‘d(yj» )? = Zaid(% )? and de(zj, )P = Zﬂid(xi, )2

Moreover, we may require 1 = min(ay, 1).

Proof. We use induction over n to prove the statement. Note first that w.l.o.g. we
may assume a3 = min(ag, 1) =: y1. Set k = max{{ | 81 — Zle a; > 0} and
5:51—2?:1041‘ < 0. In case k = n, we have 0 = 1 and By = 0 for ¢ > 1. The
vi, y; and z; are then given by

t |1 ... n
Yylior ...
Yyl ... Tn
zZ | 1 T

If £ < n, we conclude that ¢ = 0 — 1 > 0 and § < a41. Similar to the above, the
first £ 4+ 1 members of 7, y and z are given by

i1 ... k k+1
Ylar ... ag 1)
ylxr .. Tk Tkl
zZ | 1 X1 X1

The remaining weights &, 5 and data points T defined by

|1 ... k k+1 ... n-—1

(?c 0 ... ag41—0 ageo ... o, ()
BB ... Bet1  Br+2 .. Ba

T |xs ... Tht1 Thta .. Tp

fulfill 6 = o — 01 = >, & = Y, B;, so we obtain the number r > k + 1 and
the weights ~; and data points y;, z;, ¢ = £+ 2,...,r by applying the induction
hypothesis to (8). O

We are now in a position to prove our central contractivity criterion:

Proposition 5. Suppose «;, B; and x; are given as in Lemma 4, and set D(z) =
maxy, ¢ d(xg, x¢). Then the following contractivity property holds true:

d(Za,Zp) < (1 — max(min(ay, B;))/0)D(x).
Proof. W.l.o.g. min(ay, 81) = max;(min(a;, 5;)). Using Lemma 4, we find v, y and

z with Zo = g, Ty = Z,, 71 = min(aq, f1) and z; = y1. Now by inequality (6) of
Corollary 3, we may estimate

(T, T5) = d(F, Zy) < > _(73/0)d(y;, %) < (1 — a1 /o) max d(zy, v¢),
r ;
which proves the statement. O

Remark 2. As a direct consequence of (7) we obtain

1
7 T < - 1.
d(Zo,7) < (1 p= % a;f;) max d(x, z¢),
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which gives a different (sometimes larger, sometimes smaller) contractivity con-
stant. Thus Proposition 5 should also be regarded as a means to quantify the
speed of convergence, see Proposition 13 below.

3. CONTRACTIVITY AS A CONVERGENCE CRITERION

This chapter is devoted to the convergence analysis of barycentric schemes with
nonnegative masks on Hadamard spaces, on which they are well-defined. As a
central result, see Theorem 10, we show how contractivity leads to convergence.
Throughout the section, nonnegativity of the mask will be assumed for any occur-
ring barycentric scheme.

Definition 2. Let S : X; — X, and T : X; — X; be barycentric subdivision
schemes with masks a and b, respectively. Then we define the tensor product of S
and T to be the scheme S® T : Xs4+ — Xs1¢ whose mask is given by Cig) = a;b;.

The next proposition establishes a class of contractive schemes on Hadamard
spaces, including the ones generating splines of arbitrary degree. Remarkably this
result and its linear counterpart, see [2], are equally powerful.

Proposition 6. Suppose the mask of the scheme S acting on data from a Hadamard
space is supported on a convez set ) for which there exists xg € ) such that Q =
Q — xg is balanced. With the definitions
pa(€) = nf{A> 0| E€ AR}, RS
(the Minkowski functional of Q) and
Dq(z) = sup d(z;,z;), =€ X,
pa(i—j)<2
we have
Dqo(Sz) < vDo(x),
where v = min(vy,y2), with

71 = 1— min maxmin(a;—ok, a;—2k)
pa(i—j)<2 k€L ?

Y2 = 1— min 25 i—2k0j—2k-
pa(i—1)<2 ‘=

In particular, if for each i,j € Z° with po(i — j) < 2 one finds k € Z° such that
1 — 2k € supp(a) and j — 2k € supp(a), then v < 1 and hence S is contractive w.r.t.
Dq.

Proof. Note first that y € 0= paly — r9) < 1. Introducing sequences o' by
letting o, = a;—ar, we have Sz; = Z,,: for ¢ € Z°. Thus, with the notation

7;; = Mmax <gg%§min(ai2k;aj2k); E ai2kaj2k> :
kEZS*

Proposition 5 and the subsequent remark imply
Dqo(Sz) =  sup  d(Tgi,Tas)

pa(i—j)<2 9)
< su 1—n; max d(xg,xe)].
= m(i,g)ﬁ[( T]j)pQ(i72k7w0),p9(i72€7m0)§1 (wk, 2¢)]

By convexity of €2, its Minkowski functional is subadditive. Therefore pq(i —j) < 2
together with po(i — 20 — z¢) < 1 and pa(j — 2k — zp) < 1 implies

1 . 1 . ..
palk —0) < pa(k — 5 (7 +20)) + pal5 (€ +20) — 1) + pal5 (i — ) <2
Combining this with (9), we obtain Dq(Sz) < vDq(z) as required. O
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Proposition 6 provides us with a contractivity criterion that solely depends on
the structure of the mask’s support. Thus every linear scheme seen to be contractive
using the linear version of the above proposition possesses a contractive barycentric
analogue. In particular, this applies to the class of schemes identified in chapter 3
of [2], see Corollary 7 below. Recall that a centered zonotope is defined as Z(X) =
{Xu|ueR" ||ul|lw < 1} with X € Z°*", n > s. Z(X) is called unimodular if
and only if each s X s — minor of X has determinant —1, 0, or 1, and rank(X) = s.

Corollary 7. Suppose the barycentric scheme S possesses a mask whose support is
an integer quad with edges of length at least 2, or supp(a) = Z(X)NZ* with Z(X)
unimodular. Then S is contractive w.r.t. some contractivity function Dq.

Proof. This is a direct consequence of the proofs of Theorems 3.3 and 3.4 of [2],
and Proposition 6. ]

Up to now it is not clear how Theorem 1 is of value in detecting convergent
schemes. It would be desirable to have some kind of convergent model scheme to
compare a given contractive scheme with, leading to an implication

Contractivity = Convergence.

For contractivity functions of the form Dg with @ balanced and convex, cf.
Proposition 6, we are able to provide such a model scheme (see Lemma 9 below).

Lemma 8. Suppose Q and Q' are bounded, balanced and conver subsets of R®
having nonempty interior. Then there exists a constant C > 0 such that

Dqg < C - Daq.

Proof. Choose x1,...,z, € R® such that 2(')° C U_, (x; + 29°). Thus, given
1,7 € Z° with po/(i—j) <2< i—j € 2()°, one finds i = yo, Y1, - - - Ym—1,Ym = J
with yr — yk—1 € 2Q° < pa(yx — yr—1) < 2, such that m < n. It is plain to show
that as a consequence, Do < n - Dgq. O

The next lemma identifies linear B-spline subdivision as a model scheme suitable
for our convergence analysis.

Lemma 9. Let T denote the univariate linear B-spline subdivision scheme defined
by ap =1 and a—1 = a1 = % Then the barycentric analogue of T =T ® --- QT
converges on any Hadamard space. Moreover, doo (Tx, Ty) < doo(x,y) for all x,y €
Xs.

Proof. We begin by proving convergence. Define Dy = Dp_, where D, denotes
the closed unit disk with respect to the maximum norm. By Corollary 7, Dy (Tx) <
~vD1(zx), with v < 1. For n € Ny, define f,, : R® — X as follows:
(1) For t € R, set ¢o(t) = max{1 — [t|,0} and define ¢(t1,...,ts) = [, po(t:).
(2) Set fn(¢) = argmin(3S, (2" 1¢ — k)d(-, T ax)?).
This function is continuous since the center of mass depends continuously on the
weights. Moreover, f,(j/2") = T"x; for each j € Z° by construction of ¢. Suppose
¢ € R® is contained in some dyadic cube Q = [[[k;27" "1, (k; + 1)27"F1], where
k; € Z. Clearly ¢ = 0 outside {{ € R? | ||§||oo < 1}, from which we conclude that

[r(¢) =argmin Y o(27H(¢ —0)d(-, T a(v))?,
veEV(Q)
where V(Q) denotes the vertex set of Q. Applying the inequality (7), we obtain

r—1 r—1 r—1
Jac d(T"2(v), fr(Q) < | max  d(T" x(v), T x(w)) (10)

< Dy(T"1z) < 4" 71Dy ().
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Certainly, every dyadic cube of edge length 27" shares a vertex with a dyadic cube
of edge length 27"+, Together with (10) applied to r = n,n + 1, this implies
d(fn(€), frn+1(C)) < 29" 1Dy(x). It is straightforward to show that f := lim, f, is
a uniform limit of S™zx.

The second statement is an easy consequence of inequality (6). Indeed, for i € Z*
we have

d(Tz;, Ty;) < Z ai—ord(xr, yr) =

Py 5(d(@e,ye) + d(@es1,yer), ifi=20+1.

O

{d(xe,ye), if i =20

Now all the ingredients of our main theorem on the convergence of subdivision
schemes on Hadamard spaces are at hand, and we proceed to

Theorem 10. Suppose the barycentric scheme S acting on data from o Hadamard
space is contractive with respect to some Dq, with Q) bounded, balanced, convexr and
having nonempty interior. Then S converges.

Proof. Throughout the proof let 7" denote the s-fold tensor product of the bary-
centric analogue of the linear B-spline scheme, whose mask a was defined Lemma
9.

Choose Q' C R® bounded, balanced, and convex such that supp(a) C €' and
D (0,1) C Q. Applying (7), for i € Z* one obtains

d(Sx;, Tx;) < Zbi_gkai_ggd(xk,xg). (11)

kL
Note that the summands in (11) are nonzero only if po/ (i —2k) < 1 and ||i —2¢|| 00 <
1 = poy (i — 20) < 1, which implies poy (k — €) = £ (per (i — 2k) + por (i — 20)) < 1.
This together with (11) gives doo(Sx,Tx) < Dgq/(z). By Lemma 8 we find C' > 0
such that Dq/(x) < C - Dg(z) for x € X,. Hence do (Sz,Tx) < C' - Dg(z), so the
statement follows from Theorem 1. O

Thus, Corollary 7 leads to the identification of the following convergent schemes:

Corollary 11. Suppose the barycentric scheme S possesses a mask whose support
is an integer quad with edges of length at least 2, or supp(a) = Z(X) N Z° with
Z(X) an unimodular centered zonotope. Then S converges.

Corollary 12. On Hadamard spaces, the barycentric analogues of B-spline schemes
of arbitrary degree converge.

We conclude our reasoning with a statement highlighting the effect of the con-
tractivity constant on the quality of convergence.

Proposition 13. Suppose Q is a balanced convex set with nonempty interior such
that supp(a) C 4Q° and Dq(Sx) < vDgq(x), v < 1. Then S converges and

as=ali/z). 8"y <7 (222

Proof. By inequality (7), we have

d(Szoj, ) < > asg—nd(zk,z;) < Da(x),
pa(2(j—k))<4
and consequently
d((S Z‘)Q'mfnj,S Z‘J) S Y <T(ry)> . (12)
According to Theorem 10, S converges, hence the first statement follows by taking
the limit in m on the left hand side of equation (12). O
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