
CONVERGENCE OFITERATIVE SCHEMES ON METRIC SPACESOLIVER EBNERAbstract. We analyze the convergence of iterative re�nement processes onmetric spaces, imposing the principle of contractivity to obtain convergencecriteria. As a major result, we show that on Hadamard spaces a wide naturalclass of contractible barycentric subdivision schemes converges.IntroductionLinear subdivision schemes have a short, yet eventful history in di�erent areas ofpure and applied mathematics. Topics in which these re�nement methods appearinclude harmonic analysis, see e.g. [7], and the theory of functional equations, cf.[4]. A scheme of this type re�nes a data grid x : Zs → R
n according to

Sxi =
∑

k∈Zs

ai−2kxk, where #supp(a) < ∞. (1)This actually amounts to 2s linear subdivision rules, one for each residue classmodulo 2Zs. The scheme S is said to converge if for each x ∈ `∞ the powers of Sacting on x approach a continuous limit S∞x : Rs → R
n uniformly in a sense that

limm supi ‖S
∞x(i/2m) − Smxi‖ = 0. The convergence analysis of linear schemeswith nonnegative mask coe�cients ak, its beginnings comprehensively described in[2], was further developed by Zhou in [11], who showed that these schemes convergeas long as their mask's support has an appropriate shape and the property of a�neinvariance is ful�lled, meaning ∑k ai−2k = 1 for i ∈ Z

s.The hypothesis of a�ne invariance is natural in a sense that every convergentscheme is subject to it. Moreover, it allows to at least formally generalize equation(1) to arbitrary metric spaces:
Sxi = argmin(

∑

k∈Zs

ai−2kd(xk, ·)
2). (2)This nonlinear re�nement method, referred to as barycentric subdivision, has theadvantage of being well-adapted to the metric structure of the underlying space.As a drawback, however, the existence and uniqueness of the minimizer in (2) isnot always guaranteed, even if the weights are nonnegative. Nevertheless there isa nice class of metric spaces in which barycentric schemes with nonnegative masksare well-de�ned � namely the complete geodesic spaces of nonpositive Alexandrovcurvature, known as Hadamard spaces, cf. [1].As far as barycentric schemes on �nite-dimensional Hadamard manifolds areconcerned, at least smoothness properties are well-understood, cf. [5]. However,convergence analysis even in this setting remains to be developed. Convergence2010 Mathematics Subject Classi�cation. 53C23, 65D17.Key words and phrases. Hadamard space; barycentric subdivision scheme.The author was supported by the Austrian science fund, grant W1230.1



2 OLIVER EBNERcriteria known so far, see [10] for a univariate result, rely heavily on di�erentia-bility. This paper aims at a �rst understanding of barycentric schemes on generalHadamard spaces.The article is organized as follows: In Section 1, we prove a convergence criterionvalid on complete metric spaces based on contractivity. The second section handlesthe task of identifying contractive schemes. Section 3 uses the results obtained inthe �rst two to establish convergence of contractive schemes on Hadamard spaces,see Theorem 10. Making use of this theorem and the contractivity criteria obtainedin Section 2, we show that a barycentric scheme with nonnegative mask whosesupport is su�ciently well-behaved converges, cf. Corollary 11. We thus generalizecorresponding linear results from [2].1. Refinement schemes on metric spacesThis section establishes a theorem on complete metric spaces ensuring conver-gence of contractive schemes comparable to convergent ones. To begin with, weintroduce some notions used throughout the paper:De�nition 1. Consider a metric space (X, d) and set Xs = {x | x : Zs → X}.A scheme S : Xs → Xs is called convergent on Ω ⊆ Xs if for all x ∈ Ω thereexists a continuous function S∞x : R
s → X such that d∞(S∞x(·/2n), Snx) =

supj(S
∞x(j/2n), Snxj) tends to 0 as n → ∞.Moreover, the scheme is called contractive with respect to some nonnegativefunction D : Xs → R+ if and only if

D(Sx) < γD(x), where γ < 1.We refer to D as a contractivity function for S. Unless speci�ed otherwise, acontractive scheme is called convergent if and only if it has this property on the set
ΩD = {x ∈ Xs | D(x) < ∞}.Remark 1. Sometimes notation becomes more accessible if one views Snx not asan element of Xs, but rather as a function on the re�ned grid Snx : 2−n

Z
s → Xthrough the natural identi�cation Snxj = Snx( j

2n ).Theorem 1. Let (X, d) be a complete metric space. Suppose a convergent iterativescheme T : Xs → Xs satis�es
d∞(Tx, T y) ≤ d∞(x, y). (3)Moreover, assume the scheme S is contractive with respect to D and
d∞(Tx, Sx) ≤ C ·D(x) (4)holds for any x ∈ Xs. Then S is convergent.Proof. We set fn(y) := T∞(Snx)(2ny) and claim that this de�nes a Cauchy se-quence in (C(Rs, X), d∞). Note �rst that given n ∈ N and y ∈ R

s, by continuityof fn respectively fn+1, we �nd j ∈ Z
s and m ∈ N such that

d(fr(y), fr(2
−mj)) < C ·D(x)γn for r = n, n+ 1. (5)Moreover, due to convergence of T , by multiplying both the numerator and thedenominator of the number j/2m with a power of two if necessary we may assume

m to be su�ciently large for
d(fr(2

−mj), Tm−r(Srx)j) = d(T∞Srx(2r−mj), Tm−r(Srx)j) < C ·D(x)γn



CONVERGENCE OF ITERATIVE SCHEMES ON METRIC SPACES 3to hold for r = n, n+ 1, in addition to (5). This together with (3) and (4) implies
d(fn(y), fn+1(y)) ≤ d(fn(y), fn(2

−mj))

+ d(fn(2
−mj), Tm−nSnxj)

+ d(Tm−nSnxj , T
m−n−1Sn+1xj)

+ d(Tm−n−1Sn+1xj , fn+1(2
−mj))

+ d(fn+1(2
−mj), fn+1(y))

< 5C ·D(x)γn,showing that fn is a Cauchy sequence. Since X is complete, we �nd a continuous
f : Rs → X with fn → f uniformly. We claim that Snx converges to f in the senseof De�nition 1. For m ≥ n and j ∈ Z

s, we obtain the inequality
d(Tm−nSnxj , S

mxj) ≤

m−1
∑

k=n

d(Tm−kSkxj , T
m−k−1Sk+1xj)

≤
m−1
∑

k=n

γk ·D(x)C ≤ γn

(

D(x)C

1− γ

)

,which together with
d(fn(2

−mj), Smxj) ≤ d(fn(2
−mj), Tm−nSnxj) + d(Tm−nSnxj , S

mxj)establishes the claim. �2. Recognition of ContractivityThis section is devoted to a simple criterion of contractivity, namely Proposition5 below. Referring e.g. to [8] for details, we start by recalling some fundamentalfacts on Hadamard spaces. These complete geodesic spaces allow for a notion ofnonpositive curvature in a sense that geodesic triangles are `slim' compared to theEuclidean ones of the same edge lengths: The de�ning property of such a space Xis the so called Hadamard inequality
d(z, x 1

2

)2 ≤
1

2
d(z, x0)

2 +
1

2
d(z, x1)

2 −
1

4
d(x0, x1)

2,where x0, x1, z ∈ X , and x 1

2

denotes somemidpoint of x0 and x1 satisfying d(x0, x 1

2

) =

d(x 1

2

, x1) =
1
2d(x0, x1).

z

x1

x 1

2

x2Figure 1. A 'slim' geodesic triangle.Hadamard spaces for instance play an important role in the theory of cost-minimizing networks, see [3]. Topological examples are trees as well as euclideanBruhat-Tits buildings. Notably, for a measure space M , and N Hadamard, thespace of strongly measurable square-integrable functions L2(M,N) inherits theHadamard property. It is remarkable that these spaces also occur as families ofcertain geometric and topological structures, such as spaces of Riemannian and



4 OLIVER EBNERKähler metrics or spaces of connections. The latter examples actually are gener-ically in�nite-dimensional Hadamard manifolds, see [6]. An instance of a �nite-dimensional Hadamard manifold signi�cant in applications is the space of symmet-ric positive de�nite matrices, which occurs in Di�usion Tensor Imaging.We de�ne the barycenter or center of mass of a L2 probability measure µ on theBorel algebra of a Hadamard space by
b(µ) = argmin

∫

X

d(·, x)2µ(dx).It is well-known that on Hadamard spaces, this barycenter exists and is unique, see[8]. Recall that a coupling of probability measures µ and ν is a measure on X ×Xsatisfying π(A ×X) = µ(A) and π(X ×A) = ν(A) for all Borel sets A. We de�nethe L1-Wasserstein metric (see [9]) on the space of probability measures by
dW (µ, ν) = inf

{

∫

X×X

d(x, y)π(dxdy) | π is a coupling of µ and ν
}

.Proposition 2 ([8]). On a Hadamard space, the barycenter b is Lipschitz-continuousas a map from the space of probability measures to X. More precisely,
d(b(µ), b(ν)) ≤ dW (µ, ν).We continue by adapting the theory of barycenters on Hadamard spaces to �tinto the setup of nonlinear re�nement schemes. Throughout the rest of the paper,we encounter situations in which two sets of data are given:(i) A �nite measure α on the discrete sigma algebra of Zs, whose weights α({i}) =

αi ≥ 0 satisfy ∑i αi = α(Zs) = σ > 0.(ii) A multivariate sequence of data points x : Zs → X .In this setting, we consider the induced probability measure µx = 1
σ
x∗α on x(Zs)and de�ne

x̄α = b(µx) = argmin(
∑

i

αid(xi, ·)
2).This little instance of double-thinking allows us to apply convenient properties of thebarycenter in the convergence analysis of re�nement schemes based on formula (2).The involved inequalities to a certain extend resemble the corresponding Euclideanones:Corollary 3. Let (X, d) be a Hadamard space. Suppose we are given weights

αi, βi ∈ R≥0 and data points xi, yi ∈ X, i ∈ Z such that 0 < σ =
∑

i αi < ∞and 0 < τ =
∑

i βi < ∞. Moreover assume 1
σ
x∗α, 1

τ
x∗β and 1

σ
y∗α constitute

L2-probability measures w.r.t. the metric d. Then the following inequalities holdgood:
d(x̄α, ȳα) ≤

1

σ

∑

i

αi d(xi, yi) (6)
d(x̄α, x̄β) ≤

1

στ

∑

i,j

αiβj d(xi, xj). (7)Proof. Set u = x × y, v = x× x : Z2 → X ×X , i.e. u(i, j) = (xi, yj) and v(i, j) =
(xi, xj) for i, j ∈ Z. Moreover, de�ne measures µ and ν on Z

2 via µ(i, j) = δijαi,where δij denotes the Kronecker delta, and ν(i, j) = αiβj . Let πX
i : X×X → X and

πi : Z × Z → Z denote the projections on the i-th components for i = 1, 2. Then,using the fact that for any pair of functions f1, f2 : Z → X one has πX
i ◦ (f1×f2) =

fi ◦πi, it is easy to verify that 1
σ
u∗µ is a coupling of 1

σ
x∗α and 1

σ
y∗α. Similarly, oneshows that 1

στ
v∗ν is a coupling of 1

σ
x∗α and 1

τ
x∗β. Thus the statement directlyfollows from Proposition 2. �



CONVERGENCE OF ITERATIVE SCHEMES ON METRIC SPACES 5Lemma 4. Suppose for i = 1, . . . , n we are given nonnegative weights αi, βi andcontrol points xi ∈ X such that ∑i αi =
∑

i βi = σ > 0. Then there exist apositive integer r, nonnegative weights γj and control points yj , zj ∈ {x1, . . . , xn},
j = 1, . . . , r, such that

∑

j

γjd(yj , ·)
2 =

∑

i

αid(xi, ·)
2 and ∑

j

γjd(zj , ·)
2 =

∑

i

βid(xi, ·)
2.Moreover, we may require γ1 = min(α1, β1).Proof. We use induction over n to prove the statement. Note �rst that w.l.o.g. wemay assume α1 = min(α1, β1) =: γ1. Set k = max{` | β1 −

∑`
i=1 αi ≥ 0} and

δ = β1 −
∑k

i=1 αi ≤ 0. In case k = n, we have σ = β1 and β` = 0 for ` > 1. The
γi, yi and zi are then given by

i 1 . . . n
γ α1 . . . αn

y x1 . . . xn

z x1 . . . x1If k < n, we conclude that σ̃ = σ− β1 > 0 and δ < αk+1. Similar to the above, the�rst k + 1 members of γ, y and z are given by
i 1 . . . k k + 1
γ α1 . . . αk δ
y x1 . . . xk xk+1

z x1 . . . x1 x1

.The remaining weights α̃, β̃ and data points x̃ de�ned by
i 1 . . . k k + 1 . . . n− 1

α̃ 0 . . . αk+1 − δ αk+2 . . . αn

β̃ β2 . . . βk+1 βk+2 . . . βn

x̃ x2 . . . xk+1 xk+2 . . . xn

(8)ful�ll σ̃ = σ − β1 =
∑

i α̃i =
∑

i β̃i, so we obtain the number r ≥ k + 1 andthe weights γi and data points yi, zi, i = k + 2, . . . , r by applying the inductionhypothesis to (8). �We are now in a position to prove our central contractivity criterion:Proposition 5. Suppose αi, βi and xi are given as in Lemma 4, and set D(x) =
maxk,` d(xk, x`). Then the following contractivity property holds true:

d(x̄α, x̄β) ≤ (1−max
i

(min(αi, βi))/σ)D(x).Proof. W.l.o.g. min(α1, β1) = maxi(min(αi, βi)). Using Lemma 4, we �nd γ, y and
z with x̄α = ȳγ , x̄β = z̄γ , γ1 = min(α1, β1) and z1 = y1. Now by inequality (6) ofCorollary 3, we may estimate

d(x̄α, x̄β) = d(ȳγ , z̄γ) ≤
∑

j

(γj/σ)d(yj , zj) ≤ (1− α1/σ)max
k,`

d(xk, x`),which proves the statement. �Remark 2. As a direct consequence of (7) we obtain
d(x̄α, x̄β) ≤ (1−

1

σ2

∑

i

αiβi)max
k,`

d(xk, x`),



6 OLIVER EBNERwhich gives a di�erent (sometimes larger, sometimes smaller) contractivity con-stant. Thus Proposition 5 should also be regarded as a means to quantify thespeed of convergence, see Proposition 13 below.3. Contractivity as a convergence criterionThis chapter is devoted to the convergence analysis of barycentric schemes withnonnegative masks on Hadamard spaces, on which they are well-de�ned. As acentral result, see Theorem 10, we show how contractivity leads to convergence.Throughout the section, nonnegativity of the mask will be assumed for any occur-ring barycentric scheme.De�nition 2. Let S : Xs → Xs and T : Xt → Xt be barycentric subdivisionschemes with masks a and b, respectively. Then we de�ne the tensor product of Sand T to be the scheme S ⊗ T : Xs+t → Xs+t whose mask is given by c(i,j) = aibj .The next proposition establishes a class of contractive schemes on Hadamardspaces, including the ones generating splines of arbitrary degree. Remarkably thisresult and its linear counterpart, see [2], are equally powerful.Proposition 6. Suppose the mask of the scheme S acting on data from a Hadamardspace is supported on a convex set Ω̃ for which there exists x0 ∈ Ω such that Ω =
Ω̃− x0 is balanced. With the de�nitions

ρΩ(ξ) = inf{λ ≥ 0 | ξ ∈ λΩ}, ξ ∈ R
s(the Minkowski functional of Ω) and

DΩ(x) = sup
ρΩ(i−j)<2

d(xi, xj), x ∈ Xs,we have
DΩ(Sx) ≤ γDΩ(x),where γ = min(γ1, γ2), with

γ1 = 1− min
ρΩ(i−j)<2

max
k∈Zs

min(ai−2k, aj−2k)

γ2 = 1− min
ρΩ(i−j)<2

∑

k∈Zs

ai−2kaj−2k.In particular, if for each i, j ∈ Z
s with ρΩ(i − j) < 2 one �nds k ∈ Z

s such that
i− 2k ∈ supp(a) and j− 2k ∈ supp(a), then γ < 1 and hence S is contractive w.r.t.
DΩ.Proof. Note �rst that y ∈ Ω̃ =⇒ ρΩ(y − x0) ≤ 1. Introducing sequences αi byletting αi

k = ai−2k, we have Sxi = x̄αi for i ∈ Z
s. Thus, with the notation

ηij = max

(

max
k∈Zs

min(ai−2k, aj−2k),
∑

k∈Zs

ai−2kaj−2k

)

,Proposition 5 and the subsequent remark imply
DΩ(Sx) = sup

ρΩ(i−j)<2

d(x̄αi , x̄αj )

≤ sup
ρΩ(i−j)<2

[(1− ηij) max
ρΩ(i−2k−x0),ρΩ(i−2`−x0)≤1

d(xk, x`)].
(9)By convexity of Ω, its Minkowski functional is subadditive. Therefore ρΩ(i− j) < 2together with ρΩ(i− 2`− x0) ≤ 1 and ρΩ(j − 2k − x0) ≤ 1 implies

ρΩ(k − `) ≤ ρΩ(k −
1

2
(j + x0)) + ρΩ(

1

2
(` + x0)− i) + ρΩ(

1

2
(i− j)) < 2.Combining this with (9), we obtain DΩ(Sx) ≤ γDΩ(x) as required. �



CONVERGENCE OF ITERATIVE SCHEMES ON METRIC SPACES 7Proposition 6 provides us with a contractivity criterion that solely depends onthe structure of the mask's support. Thus every linear scheme seen to be contractiveusing the linear version of the above proposition possesses a contractive barycentricanalogue. In particular, this applies to the class of schemes identi�ed in chapter 3of [2], see Corollary 7 below. Recall that a centered zonotope is de�ned as Z(X) =
{Xu | u ∈ R

n, ‖u‖∞ ≤ 1} with X ∈ Z
s×n, n > s. Z(X) is called unimodular ifand only if each s× s � minor of X has determinant −1, 0, or 1, and rank(X) = s.Corollary 7. Suppose the barycentric scheme S possesses a mask whose support isan integer quad with edges of length at least 2, or supp(a) = Z(X)∩ Z

s with Z(X)unimodular. Then S is contractive w.r.t. some contractivity function DΩ.Proof. This is a direct consequence of the proofs of Theorems 3.3 and 3.4 of [2],and Proposition 6. �Up to now it is not clear how Theorem 1 is of value in detecting convergentschemes. It would be desirable to have some kind of convergent model scheme tocompare a given contractive scheme with, leading to an implication
Contractivity =⇒ Convergence.For contractivity functions of the form DΩ with Ω balanced and convex, cf.Proposition 6, we are able to provide such a model scheme (see Lemma 9 below).Lemma 8. Suppose Ω and Ω′ are bounded, balanced and convex subsets of R

shaving nonempty interior. Then there exists a constant C > 0 such that
DΩ′ ≤ C ·DΩ.Proof. Choose x1, . . . , xn ∈ R

s such that 2(Ω′)◦ ⊆
⋃n

i=1(xi + 2Ω◦). Thus, given
i, j ∈ Z

s with ρΩ′(i− j) < 2 ⇔ i− j ∈ 2(Ω′)◦, one �nds i = y0, y1, . . . , ym−1, ym = jwith yk − yk−1 ∈ 2Ω◦ ⇔ ρΩ(yk − yk−1) < 2, such that m ≤ n. It is plain to showthat as a consequence, DΩ′ ≤ n ·DΩ. �The next lemma identi�es linear B-spline subdivision as a model scheme suitablefor our convergence analysis.Lemma 9. Let T̃ denote the univariate linear B-spline subdivision scheme de�nedby a0 = 1 and a−1 = a1 = 1
2 . Then the barycentric analogue of T = T̃ ⊗ · · · ⊗ T̃converges on any Hadamard space. Moreover, d∞(Tx, T y) ≤ d∞(x, y) for all x, y ∈

Xs.Proof. We begin by proving convergence. De�ne D1 = DD∞
, where D∞ denotesthe closed unit disk with respect to the maximum norm. By Corollary 7, D1(Tx) ≤

γD1(x), with γ < 1. For n ∈ N0, de�ne fn : Rs → X as follows:(1) For t ∈ R, set ϕ0(t) = max{1− |t|, 0} and de�ne ϕ(t1, . . . , ts) =
∏

i ϕ0(ti).(2) Set fn(ζ) = argmin(
∑

k ϕ(2
n−1ζ − k)d( · , T n−1xk)

2).This function is continuous since the center of mass depends continuously on theweights. Moreover, fr(j/2r) = T rxj for each j ∈ Z
s by construction of ϕ. Suppose

ζ ∈ R
s is contained in some dyadic cube Q =

∏

[ki2
−r+1, (ki + 1)2−r+1], where

ki ∈ Z. Clearly ϕ ≡ 0 outside {ξ ∈ R
s | ‖ξ‖∞ < 1}, from which we conclude that

fr(ζ) = argmin
∑

v∈V (Q)

ϕ(2r−1(ζ − v))d(·, T r−1x(v))2,where V (Q) denotes the vertex set of Q. Applying the inequality (7), we obtain
max

v∈V (Q)
d(T r−1x(v), fr(ζ)) ≤ max

v,w∈V (Q)
d(T r−1x(v), T r−1x(w))

≤ D1(T
r−1x) ≤ γr−1D1(x).

(10)



8 OLIVER EBNERCertainly, every dyadic cube of edge length 2−n shares a vertex with a dyadic cubeof edge length 2−n+1. Together with (10) applied to r = n, n + 1, this implies
d(fn(ζ), fn+1(ζ)) < 2γn−1D1(x). It is straightforward to show that f := limn fn isa uniform limit of Snx.The second statement is an easy consequence of inequality (6). Indeed, for i ∈ Z

swe have
d(Txi, T yi) ≤

∑

k∈Zs

ai−2kd(xk, yk) =

{

d(x`, y`), if i = 2`
1
2 (d(x`, y`) + d(x`+1, y`+1), if i = 2`+ 1.

�Now all the ingredients of our main theorem on the convergence of subdivisionschemes on Hadamard spaces are at hand, and we proceed toTheorem 10. Suppose the barycentric scheme S acting on data from a Hadamardspace is contractive with respect to some DΩ, with Ω bounded, balanced, convex andhaving nonempty interior. Then S converges.Proof. Throughout the proof let T denote the s-fold tensor product of the bary-centric analogue of the linear B-spline scheme, whose mask a was de�ned Lemma9. Choose Ω′ ⊂ R
s bounded, balanced, and convex such that supp(a) ⊂ Ω′ and

D∞(0, 1) ⊂ Ω. Applying (7), for i ∈ Z
s one obtains

d(Sxi, T xi) ≤
∑

k,`

bi−2kai−2`d(xk, x`). (11)Note that the summands in (11) are nonzero only if ρΩ′(i−2k) ≤ 1 and ‖i−2`‖∞ ≤
1 =⇒ ρΩ′(i− 2`) ≤ 1, which implies ρΩ′(k − `) = 1

2 (ρΩ′(i − 2k) + ρΩ′(i− 2`)) ≤ 1.This together with (11) gives d∞(Sx, Tx) ≤ DΩ′(x). By Lemma 8 we �nd C > 0such that DΩ′(x) ≤ C ·DΩ(x) for x ∈ Xs. Hence d∞(Sx, Tx) ≤ C ·DΩ(x), so thestatement follows from Theorem 1. �Thus, Corollary 7 leads to the identi�cation of the following convergent schemes:Corollary 11. Suppose the barycentric scheme S possesses a mask whose supportis an integer quad with edges of length at least 2, or supp(a) = Z(X) ∩ Z
s with

Z(X) an unimodular centered zonotope. Then S converges.Corollary 12. On Hadamard spaces, the barycentric analogues of B-spline schemesof arbitrary degree converge.We conclude our reasoning with a statement highlighting the e�ect of the con-tractivity constant on the quality of convergence.Proposition 13. Suppose Ω is a balanced convex set with nonempty interior suchthat supp(a) ⊆ 4Ω◦ and DΩ(Sx) ≤ γDΩ(x), γ < 1. Then S converges and
d(S∞x(j/2n), Snxj) ≤ γn

(

DΩ(x)

1− γ

)

.Proof. By inequality (7), we have
d(Sx2j , xj) ≤

∑

ρΩ(2(j−k))<4

a2(j−k)d(xk, xj) ≤ DΩ(x),and consequently
d((Smx)2m−nj , S

nxj) ≤ γn

(

DΩ(x)

1− γ

)

. (12)According to Theorem 10, S converges, hence the �rst statement follows by takingthe limit in m on the left hand side of equation (12). �
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