HARMONIC COHOMOLOGY OF SYMPLECTIC FIBER
BUNDLES
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ABSTRACT. We show that every de Rham cohomology class on the total space
of a symplectic fiber bundle with closed Lefschetz fibers, admits a Poisson
harmonic representative in the sense of Brylinski. The proof is based on a new
characterization of closed Lefschetz manifolds.

1. INTRODUCTION AND MAIN RESULT

Suppose P is a Poisson manifold [I0] with Poisson tensor 7. Let d denote the
de Rham differential on Q(P) and write i, for the contraction with the Poisson
tensor. Recall that Koszul’s [5] codifferential § := [i,, d] = i,d — di, satisfies 62 = 0
and [d, 0] = dd + dd = 0. Differential forms a € Q(P) with da = 0 = dv are called
(Poisson) harmonic. Brylinski [2] asked for conditions on a Poisson manifold which
imply that every de Rham cohomology class admits a harmonic representative.

In the symplectic case, this question has been settled by Mathieu. Recall that a
symplectic manifold (M,w) of dimension 2n is called Lefschetz iff, for all k,

[W* A H"F(M;R) = H" F(M;R).

According to Mathieu [6], see [I1] for an alternative proof, a symplectic manifold
is Lefschetz iff it satisfies the Brylinski conjecture, i.e. every de Rham cohomology
class of M admits a harmonic representative.

In this paper we study the Brylinski problem for smooth symplectic fiber bundles
[7. Recall that the total space of a symplectic fiber bundle P — B is canonically
equipped with the structure of a Poisson manifold obtained from the symplectic
form on each fiber. Locally, the Poisson structure on P is product like, that is, every
point in B admits an open neighborhood U such that there exists a fiber preserving
Poisson diffeomorphism P|y = M xU. Here M denotes the typical symplectic fiber,
equipped with the corresponding Poisson structure, and U is considered as a trivial
Poisson manifold. This renders the symplectic foliation of P particularly nice, for its
leaves coincide with the connected components of the fibers of the bundle P — B.

The aim of this note is to establish the following result, providing a class of
Poisson manifolds which satisfy the Brylinski conjecture.

Theorem 1. Let M be a closed symplectic Lefschetz manifold, and suppose P — B
is a smooth symplectic fiber bundle with typical symplectic fiber M. Then every
de Rham cohomology class of P admits a Poisson harmonic representative. More-
over, the analogous statement for compactly supported cohomology holds true.
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This result, as well as a characterization of closed Lefschetz manifolds similar
to Theorem [2| below, has been established in the first author’s diploma thesis,
employing sightly different methods than those of the present work, see [3].

The proof presented in Section [3| below is based on a handle body decomposition
() = By C By € By C --- of B. Given a cohomology class of P, we will inductively
produce representatives which are harmonic on P|p,, for increasing k. The crucial
problem, of course, is to extend harmonic forms across the handle, from P|p, to
P|B,,,- This issue is addressed in Theorem [2} see also Lemma@

2. EXTENSION OF HARMONIC FORMS

Let M be a closed symplectic manifold and consider the trivial symplectic fiber
bundle P := M x RP x D? where D% denotes the g-dimensional closed unit ball.
In other words, the Poisson structure on P is the product structure obtained from
the symplectic form on M and the trivial Poisson structure on RP x D?. Note that
the boundary P = M x RP x 0D? is a Poisson submanifold. It turns out that the
Lefschetz property of M is equivalent to harmonic extendability of forms, from 9P
to P.

To formulate this precisely, we need to introduce some notation which will be
used throughout the rest of the paper. For every Poisson manifold P we let Z(P) :=
{a € Q(P) | da = 0} and Zy(P) := {a € Q(P) | da = 0 = da} denote the
spaces of closed and harmonic differential forms, respectively. Moreover, we write
Hy(P) := ker(d) N ker(d)/img(d) N ker(d) for the space of de Rham cohomology
classes which admit a harmonic representative, Ho(P) C H(P). If 1 : S — P is a
Poisson submanifold, then the relative complex Q(P,S) := {a € Q(P) | t*a = 0}
is invariant under ¢, and we define the relative harmonic cohomology Hy(P,S) C
H(P,S) in an analogous manner. Finally, if @ is a Poisson manifold and B is
a smooth manifold we let Q.(Q x B) denote the space of forms with vertically
compact support (with respect to the projection @ x B — @), and define the
harmonic cohomology with vertically compact supports Hyc,0(Q %X B) C Hyo(Q % B)
in the obvious way.

Here is the main result that will be established in this section.

Theorem 2. Let M be a closed symplectic manifold, suppose p,q € Ny, and con-
sider the Poisson manifold P := M x RP x D4. Then the following are equivalent:
(i) M is Lefschetz, i.e. Hy(M) = H(M) according to [6].
(ii) Ho(P,0P)= H(P,0P).
(#) Hyeo(P\ OP) = Hy(P \ OP) with respect to the projection along D7\ 0D1.
() If « € Z(P) is harmonic on a neighborhood of OP, then there exists 3 € Q(P),
supported on P\ OP, so that o+ df is harmonic on P.
(v) If « € Z(P) and 0t*a = 0, then there exists 8 € Q(P) with t*3 = 0, so that

o+ dg is harmonic on P. Here v : 9P — P denotes the canonical inclusion.
An essential ingredient for the proof of Theorem [2|is the following dd-Lemma.

Lemma 1 (d§-Lemma, [4 []). A closed symplectic manifold is Lefschetz if and
only if ker(d) Nimg(d) = img(dd).

We will also make use of the following averaging argument.

Lemma 2. Suppose G is a connected compact Lie group acting on a Poisson
manifold P wvia Poisson diffeomorphisms, and let r : Q(P x I) — Q(P x I)¢,
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r(a) = fG g*adg, denote the standard projection onto the space of G-invariant
forms, I :=1[0,1]. Then there exists an operator A : Q(P x I) — Q(P x I), com-
muting with d, iy and 8, so that A(a) = a in a neighborhood of P x {1} and
A(a) = r(a) in a neighborhood of P x {0}, for all a € Q(P x I).

Proof. Choose finitely many smoothly embedded closed balls D; C G such that
U, D; = G. Let \; denote a partition of unity on G so that supp(\;) C D;. Choose
smooth contractions h; : D; x I — G so that h;(g,t) = g for t <1/3 and h;(g,t) =€
for t > 2/3, g € D;. Here e denotes the neutral element of G. Using the maps

¢i,g5PXIg’PXIv ¢i,g(xat) = (hi(gat)'xat)a g €D,
we define the operator A : Q(P x I) — Q(P x I) by

A@)i= Y [ Moo dg

where integration is with respect to the invariant Haar measure of G. It is straight-
forward to verify that A has the desired properties, the relations [4,i,] = 0 = [A, J]
follow from the fact that each ¢; 4 is a Poisson map. (|

The following application of Lemma [2| will be used in the proof of Theorem

Lemma 3. Let M be a symplectic manifold and consider the Poisson manifold
P := M x RP x A? where A7 := {¢ € R? | £ < & < 1} denotes the g-dimensional
annulus. Moreover, suppose o € Q(P) is harmonic on a neighborhood of 04+ P :=
M x RP x 9D1. Then there exist 5 € Q(P), supported on P\ 0+ P, and (1,52 €
Zo(M), so that & := a + df is harmonic on P, and & = 0*f1 + 0* B2 A p*0 in a
neighborhood of O_P := M x RP x %aDq. Here 0 : P — M and p : P — 0D1
denote the canonical projections, and 6 denotes the standard volume form on aDqE|

Proof. W.lo.g. we may assume « € Zo(P) and o = 7% in a neighborhood of 9_P
where v € Zo(M x 0D?) and 7 = (0,p) : P — M x 0D? denotes the canonical
projection. Applying the operator A from Lemma [2 to «, we obtain & € Zy(P)
so that @ = a in a neighborhood of 0, P, and & = 7"% in a neighborhood of
O_P, where ¥ € Zy(M x 0D1) is SO(q)-invariant. We conclude that ¥ is of the
form 4 = [y + B2 A 0 with By, 82 € Zog(M), whence @ = 01 + 0*02 A p*0 in a
neighborhood of 9_ P. Clearly, there exists § € Q(P), supported on P\ 94 P, such
that & — a = dg. O

Lemma 4. Let P be a Poisson manifold, and suppose B is an oriented smooth
manifold with boundary. Then integration along the fibers fB 1 Que(PxB) — Q(P)
commutes with i, and 9.

Proof. The relation ir [y = [gira is obvious. Combining this with Stokes’
theorem, that is [[,d] = [, ¢*, we obtain

[fB75] = [fB’ [imdﬂ = [[fB,iﬂLd] + [im [fB7dH = [imfaB L*} =0.

Here ¢ : P x 0B — P x B denotes the canonical inclusion. O

ITo be specific, in the case ¢ = 1 we assume 6(—1) = —1/2 and (1) = 1/2, so that Jopa@=1
with respect to orientation on DY induced from the standard orientation of D9.
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Lemma 5. Suppose Q is a Poisson manifold, and consider the Poisson manifold
P :=Qx D1 Then the Thom (Kiinneth) isomorphism restricts to an isomorphism
of harmonic cohomology, i.e. H;”(Q) = Hi, o(P\ OP) = H;(P,0P).

ve,0

Proof. Choose n € Q29(D1?), supported on D?\ 9D4, such that fDq n = 1. Clearly,
the chain map Q(Q) — Q.(P\ 0P) C Q(P,0P), a — « A 7, commute with d.
This map induces the Thom isomorphism which therefore preserve harmonicity.
Its inverse is induced by integration along the fibers [, : Q(P,0P) — Q(Q), and
this commutes with § too, see Lemma [4] O

Now the table is served and we proceed to the

Proof of Theorem[3 Set @ := M x RP and note that the isomorphism H(Q) =
H (M) induced by the canonical projection restricts to an isomorphism of harmonic
cohomology Ho(Q) = Ho(M). The equivalence of the first three statements thus
follows from Lemma [5} Let us continue by showing that implies . Assume
a € Z(P) is harmonic on a neighborhood of 9P. Let p : P\ (M xRP x {0}) — 0D1
and o : P — M denote the canonical projections. In view of Lemma [3] we may
w.l.o.g. assume o = o*(1 + 0*B2 A p*f in a neighborhood of 0P where (1,32 €
Zy(M) and 6 denotes the standard volume form on 0D?. Using Stokes’ theorem
for integration along the fiber of M x DY — M, we obtain

B2 = / jra= —d/ j*a € img(d) Nker(9)
oDa Da

where j : M x D? — M x {0} x D9 C P denotes the canonical inclusion. By the
ddé-Lemma [1} we thus have fs = ddé~y for some differential form « on M. Let A be
a smooth function on P, identically 1 in a neighborhood of JP, identically 0 near
M x RP x {0}, and constant in the M-direction. Then & := o*8; + d(do™*y A A\p*6)
is a harmonic on P, and o — & = 0 in a neighborhood of dP. Hence, using ,
we find 8 € Q(P), supported on P\ 9P, so that « — & + df is harmonic on P.
Thus, § has the desired property. Let us next show that implies . Suppose
o € Z(P) and 0t*a = 0. Clearly, there exists 1 € Q(P), with ¢*8; = 0, so that
G := a+df; satisfies r*& = & near OP, where r : P\ (M xR? x {0}) — 0P denotes
the canonical radial retraction. Particularly, & is harmonic on a neighborhood of
OP. According to there exists 32 € Q(P), supported on P\ dP, so that &+ dfs
is harmonic on P. The form 3 := 31 + (32 thus has the desired property. Obviously,

implies . (Il
3. PROOF OoF THEOREM [I]

Choose a proper Morse function f on B, bounded from below, so that the preim-
age of each critical value consists of a single critical point [9]. We label the crit-
ical values in increasing order ¢y < ¢; < ---, and choose regular values 7y so
that ¢x—1 < rg < cx. By construction, the sublevel sets By := {f(xz) < ri}
provide an increasing filtration of B by compact submanifolds with boundary,
) = By C By C By C ---. The statement in Theorem [1| is an immediate con-
sequence of the following

Lemma 6. Suppose o € Z(P) is a closed form which is harmonic on a neighborhood
of P|p,. Then there exists 3 € (P), supported on P|g, ,,\B,, such that a +dj is
harmonic on a neighborhood of P|p, . .
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Proof. Let g denote the Morse index of the unique critical point in Bgy1\ By, and set
p:=dim B — ¢. Recall [9] that there exists an embedding j : R? x D7 — By \ By
so that j(RP x 0D9) = j(RP x D?) N dBy. Moreover, there exists a vector field
X on B, supported on By \ By, so that its flow ¢; maps Bj41 into any given
neighborhood of 0By, U j({0} x D?), for sufficiently large ¢.

Trivializing the symplectic bundle P over the image of j, we obtain an isomor-
phism of Poisson manifolds j*P =2 M x RP x D?. Using Theorem , we may
thus assume that there exists an open neighborhood U of 9B;,Uj({0} x D?) so that
« is harmonic on P|y. Let X denote the horizontal lift of X with respect to a sym-
plectic connection [7] on P, and denote its flow at time ¢ by @;. Clearly, each @y is
a Poisson map. Moreover, there exists ¢y so that ¢;, maps P|p,,, into P|y. Thus,

0 =%

@4, is harmonic on P|p, ,,. Furthermore, ¢} o —a = df8 where 3 := fg Pligadt
is supported on P|p, .\ B, - O
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