1. INTRODUCTIONAL LECTURE (15 MARCH 2011)

In this lecture we bring together some basic definitions and facts on continued fractions.
After several technical preliminary statements and discussions we prove convergency the-
orem for infinite ordinary continued fractions. Further we show existence and uniqueness
(odd and even continued fractions in rational case) of continued fractions for a given
number. Finally we formulate two theorems on approximation rates by convergents and
Lagrange theorem on periodic continued fractions and quadratic irrationalities. The most
part of the material is taken from the book by A. Ya. Khinchin “Continued Fractions”.

1.1. Euclidean algorithm. The story of continued fractions starts with an FKuclidean
algorithm named after the Greek mathematician Euclid, who described it in his Elements
(Books VII and X). Actually the algorithm was known before Euclid, it was mentioned
in the Topics of Aristotle.

The task of the algorithm is to find the greatest common divisor for a pair of integers.
Let us describe the algorithm in a few words.

Consider two nonzero integers p and ¢, let us find their greatest common divisor (usually
denoted by ged(p,q)). To do this we make several iterative steps. We describe them
inductively.

Step 1. Let us find integer numbers ag and r; where ¢ > r; > 0 such that

D = apq +T1.

Step k. Suppose we have completed k£ — 1 steps and get the integers a;_o and r,_;. Let
us find a;_; and r;, where r,_; > r; > 0 such that

Tk—2 = Qk_1Tk-1 + Tk.

The algorithm stops at Step n when r, = 0. Since the sequence (ry) is decreasing
sequence of positive integers, the algorithm always stops.

1.2. Definition of a continued fraction. In order to give a definition of a continued
fraction we slightly modify the Euclidean algorithm. We start with a rational number «.
On each step we define a pair of integer numbers (ay_1, 7).

Step 1. Let us subtract the integer part |« and invert the remainder, i.e.,

v
1/(a—la])

Denote ay = |aJ, and continue with the reminding part r; = 1/(a — ay).
Step k. Suppose we have completed k — 1 steps and get the number a;_o and r,_;. Let
us find a;_; and ry,

a=|al+

1
1/ (re—1 — [rr-1])

According to this expression we denote ax_1 = |a and r, = 1/(rk—1 — ax_1)-
1

The1 = |[Tr-1] +



The algorithm stops at Step n when r, = 0.
Let r; = p;/q; with positive integers p;, ¢; for ¢ > 1. Then for any k£ > 1 we have
Pr+1 1 1 Qk

Qr+1 re— el 2= loe/ax]  pr— aklpe/a]

Since ry > 1, its denominator is less than its numerator (i.e., gx21 < qx). Hence the
sequence of denominators ¢ decreases with growth of k. Therefore, the algorithm stops
in a finite number of steps.

The described decomposition of a rational number o can be written as follows.

1

(1) ao +
ay +
as +

1
) 1
an

This expression is considered as a continued fraction of .

Remark 1.1. In general there is no restriction to the elements of continued fractions, they
can be any real numbers. To avoid the annoying consideration of different cases of zeroes
and infinities we propose to add an element oo to the field of real numbers R and define
the following operations:

00 +a=a+ o0 =00, 6:oo, — =0.

Denote the resulting set by R.

Definition 1.2. Let aq, ..., a, be arbitrary real numbers. Expression (1) is called a finite
continued fraction, and denoted by [ag;a; : ... : a,]. It corresponds to some « in R. The
numbers ag, ..., a, are the elements of this continued fraction.

Definition 1.3. A continued fraction is odd (even) if it has odd (even) number of elements.

Notice that the term continued fractions was used for the first time by John Wallis in
1695.

Example 1.4. Let us study one example:

A N

7= Ty T o1

7 (3) 3+4
So we get the continued fraction [1;3: 2] .

Remark 1.5. The Euclidean algorithm actually generates the elements of a continued
fraction. We always have (see the previous subsection)

p_ .
—=lag;ar:...:ayl
q
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Definition 1.6. An infinite continued fraction with an infinite sequence of elements

ag, aj, . .. is the following limit (in case of existence)
lim [ag;aqy : ... : ag.
k—o0

We denote it by [ag;aq : .. .].

The number [ag;a; : ... : ag_1] is called the k-convergent (or just convergent) to the
finite or infinite continued fraction [ag; a : .. .].

Definition 1.7. A continued fraction (finite or infinite) is called an ordinary continued
fraction if its zero element is integer and the rest are positive integers.

1.3. Convergence of infinite ordinary continued fractions. In this subsection we
show that a sequence of k-convergents of any infinite ordinary continued fraction converges
to some real number.

There exists a unique pair of polynomials P, and () in variables xg, ..., z; with non-
negative integer coefficients such that
Pk<£lj'0, e ,l’k>
= |ro;xy ...t xi], and  Pi(0,...,0) 4+ Qx(0,...,0) =1.
Or@or . on) [ ] ( ) ( )

Actually, the first condition defines the polynomials up to a multiplicative, so the second
condition is a necessary normalization condition.

Example 1.8. For instance we have

Po(xo) = Zo, Qo(xo) =1
Py(x, 21) = zoz1 + 1, Q1(xo, 1) = w1;
Py(zg, 21, 22) = xoT122 + T2 + T, Q2(T0, 21, T2) = x122 + 1;

Consider a finite (or infinite) continued fraction [ag;a; : ... : a,] with n > k (or
lag; ay : .. .] respectively). We denote

pr = Pr(ag,...,ar) and g = Qx(ao,...,ar);

As we show later in Proposition 1.10 the integers p, and g are relatively prime for any
k. For the next several propositions we need an additional notation.

ﬁk:Pk,l(al,...,ak) and cjk:Qk,l(al,...,ak).
We start with the following lemma.
Lemma 1.9. The following holds

Pk = QoPk + G
Gk = Dk

Proof. Since
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we get
Dk 1 aopPr, + qx
— = Qo + — — = — .
. Dr/ Dr
Therefore,

pr = AMaopx + Gr)
Qi = APk

Now we rewrite the second condition for polynomials P, and Q:

1=P(0,...,0)+Qx(0,...,0) = A(0Px_1(0,...,0)+Qx_1(0,...,0))+AP:_1(0,...,0) = .

Therefore, A = 1. O

Proposition 1.10. Let [ag;ay : ... : a,] be a continued fraction with integer elements,
then the corresponding integers p, and q. are relatively prime.

Proof. We prove the statement by the induction in &.
It is clear that pg = ag and gy = 1 are relatively prime.
Suppose that the statement holds for k—1. Then p; and ¢ are relatively prime by the
induction assumption. Now the statement holds directly from the equalities of Lemma 1.9.
O

Proposition 1.11. For any integer k we get

Dk = QgPr—1 + Pk—2
k. = QpQr—1 + Qr—2

Proof. We prove the statement by induction on k.
For k = 2 the statement holds since
pr _ aoay +1

Po and =
4o 1 q1 a1

o

and, therefore,
P2 _ G2+ apamaz +ap _ azp1+ Po

g2 aja + 1 asqy + qo
Suppose the statement holds for £ — 1 let us prove for k.

Dk 1 1 ag(agpPr—1 + Pr—2) + ApGr—1 + Gp—2

— =)t o = a0t e = ~ -
Qk P/ G OkDis—1 1Dk~ agPr—1+ Pr—2
ardr—1+t4k—2

_ ar(aopr—1 + Gr—1) + (aoPr—2 + qr—2) _ @kPr—1 + DPr—2

agPr—1 + Pr—2 k-1 + Q-2
(The last equality holds by Lemma 1.9.) Therefore, the relations of the system hold. [

Denote by F,, the Fibonacci numbers (defined by F} = F, =1, and F,, = F,,_1 + F,,_2).

Corollary 1.12. For ordinary continued fractions the following estimates hold

lp| > Fr  and  q > Fip



Proof. We prove the statement by induction in k. Direct calculations show that

Ipol >0, |pi] > 1, and |[py] > 1,
o] > 1, |qu| > 1, and |g >2.

Let the statement holds for £k — 2 and k — 1, we prove it for k. Notice that ¢, are all
positive and py are either all negative, or all non-negative. We apply Proposition 1.11

lpk| = aglpr—1| + |pr—2| > 1+ Fy_1 + Fy_o = F}, and
Qe = OQr—1 + Qr—2 > 1 - Fiy + Fi1 = Frq

This concludes the proof. [l
Proposition 1.13. For any k > 1 the following holds
P pe _ (=DF
L
Proof. Let us multiply both sides by qx_1qx, we get
Pre—1Gk — Prr—1 = (—1)".

We prove this by induction in k.
For k =1 we have

Poq1 — P1Go = arap — (ajag + 1) = —1.

Suppose the statement holds for £ — 1 let us prove it for k. By Proposition 1.11 we get
Pr-1Gk — PkQr—1 = Pr—1(akqr—1 + qr—2) — (@rPr-1 + Pr—2)qk—1
= —(Pr—2Gr—1 — Pr1Ge—2) = (—1)*.

Therefore, the statement holds. O
Now we are ready to proof the following fundamental theorem.

Theorem 1.14. For any integer ag and positive integers ay the ordinary infinite continued
fraction [ag;ay : ...] exists (i.e., the corresponding sequence (g—:) converges).

Proof. Notice that from Proposition 1.13 and Corollary 1.12 it follows that

Prk—1 _ ]ﬁ < 1
Q-1 Q| FrpFip

Since the sum

>t
—~ FypFrn

converges (we leave this statement as an exercise for the reader), the sequence (7;—:) is a
Cauchy sequence. Therefore, (’;—:) converges. O



6

1.4. Existence and uniqueness of ordinary continued fraction for a given num-
ber. In the next theorem we show in particular that the limit for an infinite ordinary
continued fraction always exists.

Proposition 1.15. Any rational number has a unique odd and even ordinary continued
fractions.
Any irrational number has a unique infinite ordinary continued fraction.

For instance 2 = [1;3:2] = [1;3:1:1Jand m = [3;7:15:1:292:1:1:1:2:..].
Proof. Existence. In Subsection 1.2 we have shown how to construct an ordinary con-
tinued fraction [ag;ay : ...a,] for a rational number a. Notice that if « is rational but
not integer then a, > 1 and, therefore,

a=lag;ar ... a, =lag;ay: ... a,—1:1].

One of these continued fractions is odd and the other is even. For integer a we always
get a = [a] = [a—1;1].

In the case of irrational number « the algorithm works infinite time and generate the
ordinary continued fraction o = [ag;a; : as : ...] and the sequence of remainders 7, > 1,
such that

a=lag;ay i ... ag_1: g

Let us show that o = /.

lag;ay = ... ag_q1 :...] we have
_ DPn-1Tn + Pn—2 Pn DPn-1Gn + Pn—2
o= and e
qn—1Tn + qn—2 An Gn—10n + qn—2

Using these expressions and the fact that a,, = [r,| we have

From Proposition 1.11 for [ag;a; : ... : ar_1 : 1) and

1
' (Qn—lrn + Qn—Q)(Qn—lan + Qn—2>

‘ Pn
a__
Gn

_ ’ (pn—IQn—Q - ]%—2%—1)(7% - an)
(q'n—lrn + Qn—Q)(Qn—lan + Qn—2)
1 1
< .
Gn—19n FnFnJrl
The last inequality follows from Corollary 1.12.
Therefore, the sequence (Z—Z) converges to « and hence o = /.

<

Uniqueness. Consider a rational a. Let us prove the uniqueness of a finite ordinary

continued fraction a = [ag;ay : ... : a,] where a, # 1. We prove this by reductio ad
absurdum.
Suppose
O =[a0;a1 ¢ ...t Qg1 e Q) = [A05G1 g T gt Gy,

where a4, # aj, ;. Then we have

o = PR Phoy  PiThan t Py PRThas PR
qkTk+1 T Qk—1 QZ%H + @ rifﬁl + Qr—1
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— / — _ / _ /
Therefore, 7441 = 7}, and thus a1 = [741] = [741] = @hyq. We come to the
contradiction.
The statement on uniqueness of continued fractions for irrational numbers repeats the
case of rational numbers. OJ

We conclude this subsection with a statement on a behavior of the sequence of conver-
gents.

Proposition 1.16. (i) The sequence (par/qar) is increasing, and the sequence (pag+1/qok+1)
15 decreasing.
(i) For any real o and a nonnegative integer k we have

P2k <a and P2k+1 > a,

42k q2k+1

the equality holds only for the last convergent in case of rational o.

Proof. (i). By Proposition 1.11 we have

Pm—2 _ p_m _ (me _ pml) _ (pml _ ]ﬁ) _ (_1)m—1 ( 1 _ i)

qm—2 qm qm—2 qm—1 qm—1 qm dm-1 qm—2 qm

Since the sequence of the denominators (gx) is increasing (by Proposition 1.13), we have

that py_o/qm—_o is greater that p,,/q, for all even m and it is smaller for all odd m. This
concludes the proof of (3).

(7i). The sequence of even (odd) convergents is increasing (decreasing) and tends to «
in irrational case or end up with some p, /¢, = « in rational case. This implies the second
statement of the proposition. O

1.5. Continued fractions and best approximations. We say that a rational number
a/b (where b > 0) is a best approximation of a real number « if for any other fraction ¢/d
with 0 < d < b we get

> )a -

2) ‘O‘_S bl

Theorem 1.17. Consider a real number o. Let [ag;ay = ...] (or [ag;ay : ... : ay)) be an
ordinary infinite (finite) continued fraction for a.. Then the set of best approzimations con-
sists of convergents p/qr = |ag; a1 : ... : a] where k =1,2,... (In case of finite continued
fraction we additionally have for [ag;ay : ... : an_1 : a,—1] as a best approzimation). O

a

Now we say a few words about the rate of approximations.

Theorem 1.18. Consider an inequality

P C

a—=| <=
q @
Let ¢ > \/ig Then for any « the inequality has an infinite number of integer solutions

(p,q)- O
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Proposition 1.19. Let o be the golden ratio, i.e.,

14+5
a:

2
If c < \/ig then Equation 2 has only finitely many solutions.

=[1;1:1:1:1:..]

Denote the golden ration by # and its conjugate (1 — v/5)/2 by 6.

Proof. First of all, let us show that it is enough to check only all the convergents py/qy.
From Theorem 1.17 it follows that best approximations are convergents to a number. Let
p/q be a rational such that ¢x < ¢ < gry1. Therefore,

2

p/
q "

04—8’>q'2
q

/
&—%‘2&’&—

Hence if p/q is a solution of Equation 2 then p/qx is a solution of Equation 2 as well.
Therefore, if there are infinitely many solutions of Equation 2 then there are infinitely
many convergents to golden ration among them.

Secondly, we prove the statement for the convergents. From Proposition 1.11 it follows
that the k-convergent to the golden ratio equals to Fy,1/F). Recall a general formula for
Fibonacci numbers via golden ration and its conjugate:

ok —g"

b= .
K NG
We have
Dk—1 Frq g+ _ gt " 1-0" 1 —2k
0— :‘9— = 9_——k = k| — 2| T 2’1_9 ‘
Q-1 Fy ok — 0 o B N i BVEY

Since [] < 1, we have |1 —9%‘ =1+ o(1) and hence

‘9 _ Pr—
dk—1

()
e 0] .
\/5qu1 ql%—l
This implies the statement for convergents and concludes the proof of Proposition 1.19. [

1.6. Periodic continued fractions and quadratic irrationalities. A continued frac-

tion [ag;aq : ...] is called periodic if there exists positive integers ky and h such that for
any k > kg

Q4p = Qk-
we denote it by [ag;ay @ ... aky : (Qkga1 ¢ -+ 0 Qrgrn)]-

Theorem 1.20. (Lagrange.) Any periodic ordinary continued fraction is a quadratic

irrationality (i.e., %b\/z for some integer a, b, ¢, and d where b # 0, ¢ > 1, d > 0,
and c is square free). The inverse is also true: any quadratic irrationality has a periodic
ordinary continued fraction.
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Lemma 1.21. For any quadratic irrationality & there exists an SL(2,7Z) operator such
that one of its eigenvectors is (1,§).

Proof. Let € be a root of the equation coz? + ¢ + ¢o = 0 with integer coefficients A, B,
C. Consider an arbitrary operator
A — aip Q12
Q21 Q22

(1 aze — a1 £ /(ase —an)? + 4a12a21>

2@12

Its eigenvectors are

Notice that £ and its conjugate roots are of the form

—c1 /& — 4cper
202 '

So the operator A has a root (1, &) if the following system satisfied

ncép = —ag
ncy = aixp — a2
ncy = a12

for some n # 0.
Let us find an operator of SL(2,7Z) satisfying this system for some integer n. Since n
is integer, the coefficients a;s and as; are integers as well. Since det A = 1 we have

2
det A = a11A92 — Q12091 = CLH(TZCLH - 01) + ncocy = 1.

Therefore,

ney & /n2(c? — degey) — 4
5 )
The coefficient a;; is integer if and only if there exist an integer n satisfying

a1l =

m? = n*(c — 4cocy) — 4.
Denote D = ¢ — 4cpca, m’ = m/2, and n’ = n/2 and rewrite the equation
m? —Dn? =1

So, we end up with Pell’s equation. Since ¢ is irrational the discriminant D = ¢§ — 4cyey
is not a square of some integer (since £ is real, D > 0). Hence, by Theorem 7?77 it has an
integer solution (my, ng) with nj, # 0. Hence the operator

/ !/ /
my — NyCi 2n,C2
—2ngco My + nyey

has integer elements and unit determinant. Therefore, it is in SL(2,Z). O
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Proposition 1.22. Let ay, as, ag be distinct numbers and oy be irrational. Consider
two angles defined by pairs of lines (y = a1x,y = asx) and (y = aqz,y = azx) lying in
the half-plane x > 0. The LLS-sequences of these two angles coincide from some element
(up to a sequence shift).

Proof. ... O

Theorem 1.23. For any integer d which is not a square of an integer Pell’s equation
m? —dn® =1

has a solution (mg,ng) where ng # 0.

Proof. By Theorem 1.18 there are infinitely many integer solutions of the inequality

1
\/8—]—)‘< .
q|  V/5¢?

For these points we have
0% —p?) = |0/ —pllaVd+p] = |Vi— 7|2V + (Vi 7)

Therefore, there exists an integer £ such that the equation

»  2Vd+1
¢ < —F
V5

¢*d—p°=c
has infinitely many integer solutions. Choose among these solutions (mq,n1) and (msg, ng)
such that
my = my(mod c) and ny = ng(mod c).

(This is possible since the amount of distinct reminders pairs is finite.)

Now take
~ mimeg — dnns N maong — dminy
m = and n = .
c c

Notice that

m=m? —dn: = c= 0(modc) and 7 =mn; —mun; = 0(modc).
Hence the point (1, n) is integer. Now let us consider

my —Vdny my+Vdn,  m?—dn? ¢
my =y my+dny 3 —dng ¢
This concludes the proof. 0

m? — dn? = (i — Vdn)(m + Vdn) = =1.

Proof of Lagrange theorem. First, let us show that any periodic continued fraction is a
quadratic wrrationality. Since the continued fraction is infinite the corresponding number
is irrational.

Suppose the periodic continued fraction for £ does not have a pre-period, i.e.,

E=lap:ay:...:a,)



11

then
R
qng + dn—1 '
(The last equality holds by Theorem 1.11.) Notice that the denominator ¢, 1€ + ¢,—2 is
nonzero, since ¢ is irrational. Therefore £ satisfy

E=lap;ay: ... a,:¢|

Gn-1E*+ (@1 — Pn1)€ — pn—2 = 0.

Hence € is a quadratic irrationality.
Suppose now that

E=lap;ar: ... an: Qi1 Gpyo i oo Qo)

Denote

A

E=[(nt1: Qpio oot Augm)]-
Then by Theorem 1.11 we have

A~ pnA+pn7
fz[ao;alz...:an:ﬂ:¥.
%15"’%171

We have already showed that é is a quadratic irrationality, hence £ is a quadratic irra-
tionality as well.

Secondly, we prove that any quadratic irrationality is a periodic continued fraction. Let
¢ > 1 be a quadratic irrationality. By Lemma 1.21 there exists an SL(2, Z)-operator A
with an eigenvector (1,£). By Theorem 777 the geometric continued fraction of A has
periodic LLS-sequence. The LLS-sequence for the angle generated by two vectors (1,0)
and (1,¢) is one-Side infinite and by Lemma 1.22 from some element it coincides (up to a
shift) with the LLS-sequence for operator A. Hence, the LLS-sequence for A is periodic
and, therefore, by Theorem 777 the continued fraction for ¢ is periodic.

Suppose now, & < 1. The number é = ¢—[&]+1 is quadratic and greater than 1, and
hence it is periodic by the above. The continued fractions for £ and é are distinct only in
the first element. Hence the continued fraction for £ is periodic as well. 0

EXERCISES

[1] Show that the sum kX::I F‘kF;]ﬂ»l converges.
[2] Prove that for any k > 2 we get

iz pe_ (D" ag

qk—2 qk qrkqk—2
P2k+1
q2k+1

4] Prove that for any & > 1 we get,
y g

[3] Prove that the sequence ( ) is decreasing and the sequence (1;2%:) is increasing.

= [ag;ap—1:...,a1).
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Prove that for any k > 0 we get
! >

ar(qes1) —
Prove the statement of Example 1.19.
Prove that a) v/2 = [1; (2)];
b)exp(l)=12;1:2:1:1:4:1:1:6:1:1:8:1:1:10:...].
Consider an irrational number «.
a) Suppose that we know that a = 4,17. Is it true that % is its best approximation?
b) Find the set of all real numbers for which the rational number [1;2 : 3 : 4] is one of best
approximations.
Construct an infinite continued fraction which has exactly two limit points: 1 and —1.

1
a6 (qrs1 + i)

Pk

a — ==&
qk
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