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ABSTRACT. Linear interpolatory subdivision schemes of C” smoothness have
approximation order at least » + 1. The present paper extends this result to
nonlinear univariate schemes which are in prozimity with linear schemes in a
certain specific sense. The results apply to nonlinear subdivision schemes in Lie
groups and in surfaces which are obtained from linear subdivision schemes. We
indicate how to extend the results to the multivariate case.
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1. Introduction and notation

It is known that C" smoothness of an interpolatory linear subdivision scheme S
implies approximation order r + 1. This means that applying an interpolatory
subdivision scheme S to samples f(ih) of a C™*! function f yields a limit S*f
which is close to the original function: ||[S®f — f|| < const - A"

A univariate nonlinear subdivision scheme 7" which fulfills the proximity inequality
|Sp — Tp|| < C - ||Ap||? introduced in [8] fulfills the inequality |[S®f — T f|| <
const - h%, as shown in that paper. This statement applies e.g. to the geodesic
analogues, log-exponential analogues, and projection analogues of linear schemes,
as discussed in [8, 11, 6]. We can therefore conclude that in every case where S has
approximation order 2, also 7" has this property. It is the aim of the present paper
to show a better result, namely approximation order r + 1 for such interpolatory
nonlinear schemes which are in proximity of order » with C" interpolatory linear
ones. As we deal with approximation order via smoothness, we cannot expect our
results to be optimal. This is most noticeable in schemes such as the interpolatory
four-point scheme constructed by interpolation with cubics [1]: It enjoys only C*

smoothness, so only the case r = 1 applies and we show approximation order two
1
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for nonlinear schemes which are in proximity with the four-point scheme. In fact
this approximation order should be four, as indicated by numerical evidence [13].

1.1. Linear schemes and their smoothness. Sampling a vector valued
function f : R — V at parameter values h - i (i € Z) yields a sequence (p;);cz of
data points:

(1) pi == f(ih) (i € Z).
Applying a subdivision scheme S with dilation factor N > 1 to these samples pro-
duces finer and finer sequences Sp, S?p, ... of data. We consider linear stationary

subdivision schemes with finite mask (o;);ez, i.e.,

(2) (Sp)i = Z].EZ Qi N;Pjs

and nonlinear schemes derived from them. When both letters S and T are used to
describe subdivision schemes, S usually refers to a scheme of the form (2) which
is affinely invariant, i.e., ZjeZ a;_n; = 1 for all 7. The letter T refers to a possibly
nonlinear scheme which is related to S and always has the same dilation factor.
This means that

(3) 0 = pivj = (Tq)i = (Tp)isn;-
We assume that V' is endowed with a Euclidean norm || - || and define

(4) 1Pl == supicz [Ipill.
A scheme of type (2) then has the norm

(5) 15| = maxo<icn ZjeZ |ti—jn]-

Each of the sequences (S*p;)icz is associated, by piecewise linear interpolation,
with a piecewise linear function S*f approximating f. Their limit function, if it
exists, is denoted by S f:

(6) SPf = Fi(8p), S°f = lim S™f,
where
M Tl (e +0) = (=Bt fan (0<F<1 ic)

The factor h in the definition of F; comes from the understanding that the initial
data originate from sampling a function f as described above. If for functions we
employ the sup norm, then we have the equality ||q|| = || Fr(q)|| for all sequences
q. Affinely invariant schemes of type (2) have a unique derived scheme S defined
by NAS = SWA, where A is the forward difference operator (Ap); = pir1 —pi. In
this paper all the linear schemes are C” schemes (generating C” limits) for some
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r > 2, and have derived schemes up to order r + 1. The latter obey the following
inequalities:

1 1
8 = |ISM <1, ..., = IS < 1.
0 o= IS <1, = ST
Here SV! denotes the derived scheme of order j of S, which satisfies
(9) SUIAT = NIAJS.
Inequalities (8) guarantee that S converges and produces C” limits, and that also
S ..., St are convergent subdivision schemes [2]. Hence there exist constants
Ag, ..., A, such that for all positive integers k,
(10) IS*[1 < Ao, -, I(STH*] < A,

Equations (8) and (9) imply that the derivatives of S* f are approximated by the
piecewise linear interpolants of the difference sequences (N*/h)ASkp, (N*/h)2A%S*p

and so on:
rk

NF N
0 £\ 1 = A oo £\(r) — T =

A kp)

(a proof can be found e.g. in [8, Lemma B.1, p. 617]).
Remark: Any C" interpolatory linear scheme has derived schemes up to order r+1

satisfying (8) [2].

1.2. Nonlinear schemes and their smoothness. We now consider a sub-
division scheme 7" which is allowed to be nonlinear, but such that there is a linear
scheme S in proximity with 7. The lower order proximity conditions read

(12) (T = S)pll < ClAplIP,  [|A(T = S)pll < C([|Ap]]® + | Ap[l[[A%pl]),
and the general proximity condition of order r has the form

(13) AT -SpISCY A AT,

with

..... ar

Q. ={(ar,...,0,) ran,...,a, €Ng, Y0, joy =1+ 1}.

These conditions are supposed to hold for input data with ||Ap|| small enough. It
is easy to demonstrate that (12) indeed consists of the cases r = 1 and r = 2 of
(13): In the case r = 1 the sum in (13) has only one summand, namely a; = 2,
while in the case r = 2 we have Qy = {(3,0), (1,1)}.

We further require that S satisfies a stronger version of (8), namely (14) below. We
shall see presently that they are always fulfilled in the cases which are interesting
to us. The first of these inequalities are

vo = piN <1, vy = max(ugN?, o N) < 1,



APPROXIMATION ORDER OF NONLINEAR SUBDIVISION SCHEMES 4

while the general inequality is given by

(14) Vyp i= max MS“ c. qufilNOq-i-m—i-ozr—l <1
(Oq ..... Ocr)EQr
EXAMPLE 1. The B-spline schemes of degree r have pg = -++ = p,—1 = 1/N, so

(14) is fulfilled. The Dubuc-Deslauriers scheme “D” derived from interpolation
with quintic polynomials and dilation factor N = 2, with symbol

1
a(z) = ﬁ(x +1)%(32" — 182° + 382% — 18z + 3)
satisfies neither (8) nor (14). However, the iterated scheme S = D? with dilation
factor N = 4 satisfies

1o ~ 0.3718, 111 = 0.6584, s ~ 0.7109, vy = 0.8223, v; ~ 0.9792.
Therefore S = D? satisfies (8) and (14) up to order r = 2.

It is not difficult to show that the inequality (14) is in fact no restriction for the
linear schemes considered in this paper.

LEMMA 1. For any linear subdivision scheme S which produces C" limits there is
an iterate S* which obeys the inequalities (14).

PROOF. We have to show that there is some k such that for (ay,...,a,) € Q,,
(UYL USTIN st
NFE NFk

This is done with the help of (10): The left hand side in the above inequality is
bounded by

<%>al . (]13;)%(Nk)a1+..-+aT1 _ %A?l . A?r)

which does not exceed 1 if k is chosen appropriately. O

It has been shown in [8, 7] that the limit curves T°°f are C”, if conditions (13)
and (14) are met. In this case, (11) holds not only for S, but also for T" (cf. |7,
Th. 6]).

Without going into details we mention that there is a variety of constructions of
nonlinear schemes 7" which are based on linear schemes S, and for which either the
proximity conditions (12) or even the general ones given in (13) have been verified
(see [7] for the geodesic analogue of some linear schemes, which work in surfaces
and Riemannian manifolds, [7, 4] for two kinds of projection analogue which
operate in surfaces, [10, 6, 9] for two different kinds of log-exponential analogue
which operate in matrix groups and symmetric spaces). For interpolatory schemes,
results which do not depend on (14) but only on (8) can be obtained (see [12, 3]
for subdivision in Lie groups).
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It is shown in [7] that the inequalities (13) and (14) up to order r — 1 imply the
following contractivity inequalities

Hr—1 + € k

W) | Apl|,

for any € > 0, provided ||Ap|| is small enough. The inequalities in (15) for r = 1
and r = 2 will be used later in the proof of Lemma 3 and are key arguments in
the proof of smoothness of T f according to [8, 7].

k
(15) AT < (po+e€) Iapll, ... AT < C(

2. Auxiliary inequalities for finite differences

The main result of this paper, Theorem 9 below, depends on auxiliary inequali-
ties concerning finite differences. These are shown by induction. First comes a
technical inequality which is used in several places:

LEMMA 2. For S, T, satisfying (13) for some r > 2, and S a linear C" scheme,

k-1
HAr(Sk _ Tk)pH < QCATNr(lfk) Z N Z HAlTanal o HATTanaT-
n=0 (a1yeeyr ) EQy

PROOF. We obtain an upper bound for Dy := ||A”(S*—T*)p|| by using a telescopic
sum and the defining property (9) of derived schemes.

N

-1

Dy, <

(]

|AT(SE — SErIT)Tp)|

IA
> 3
Il

[V =Ry (St A (s — )T
n=0
k-1
S AN Y NTA(S = DT
n=0
The general relation ||Ag|| < 2||¢q|| together with (13) now implies that
k-1
Dy < 24, NS N ATHS = T)T"p)|
n=0
k-1
< ZCATNT(lfk) N?‘n ATTL (o5 R ATTn o
- DN o, IATT DI AT,

n=0
which completes the proof. O

First we prove a lemma which is the basis of our induction argument.
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LEMMA 3. Let S,T be as in Lemma 2 with r = 2. Assume that a C? vector-valued
function f : R — V with bounded first and second derivatives is sampled at density
h. Assume further that the sampling density h does not exceed hy, where hgy is
chosen such that (12) is satisfied, and that in addition the contractivity inequality
(15) up to order r = 2 is valid. Then

A2(SF —

i = f(th), k=1,2,3,...

D= | S 0= s )
is bounded by a constant dy which depends only on f and S, T, but not on h or k.
Moreover,

(17) |A>THp]| < N *02,
with 85 = 6y + As||f"]|.

(16)

Proor. By Lemma 2,
2A2C’

Dy < ZNM” (AT p||* + [[AT p | A*T"p])) -

n=0

We now employ the convergence conditions (15) and the estimate for vy in (14),
writing p; instead of u; + €:

24 CN2 = — "
p< 2N ZNQ GINTEANICRIY)
2A4,CN? S ~3 AT2\n 3 ~ ~ n 2
< TZ((MON) IAD|? + (fopa N )" (| Apl|?)
n=0
<o, ont AP S a4 ey < g4, o2 1221 1+ 1]
2 72 nZ:o(H pllvi +vy) 72 11—,
With p; = f(ih) we have
(18) 1ApI < BllF ey 187D < 12"

Therefore, Dy < 8y 1= 2A20N?|f'[*=-(1 + hol|f']]), and we have found the
desired upper bound for (16). As to (17), we first note that by (9), A%S*p =
N=2k(SPYEA2p, Consequently,

h2
2N2k'

Ooh?
IA* T p]| < |A%(S* = T )pl + |A%S*p|| < ﬁ + W PP =
O

COROLLARY 4. Under the same conditions as in Lemma 3, (S f)" and (T f)"
exist and are bounded, independently of h, for all functions f with bounded first
and second derivatives.
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PROOF. Lemma 3 implies ||(S®f — T f)"|| < §5. Since S is a linear C? scheme,
N2k N2k
(19) 1% F) 1 < 512"l < — 57 (S A%l < Aol £

Thus

HW
(T f)" < 62+ As|lf7]. O

We now extend Lemma 3 to higher order finite differences.

LEMMA 6. Let S,T be as in Lemma 2. Assume that a C" vector-valued function
f R — V with bounded derivatives up to order r (r > 2) is sampled al density
h < hg, where hy is chosen such that (13) and (15) are satisfied up to order r.
Then for any € > 0,
Nk(r—e)

hr
is bounded by a constant 0, . which depends on €,r, the schemes S,T and f, but
does not depend on h or k. Moreover,

(22) |A™T p|| < &, NF=pr,
with 51,5 = Ar||f(7“>|| + 0.

(21) AT(SP —Tp|l, pi= f(ih), k=1,2,3,...

PROOF. According to Lemma 3, the result is true in the case r = 2, even for the
boundary case ¢ = 0 which implies the case of general ¢ > 0. For the purpose
of induction we assume that the result is true for all values of r smaller than the
one under consideration. By Lemma 2, Equation (22) for smaller values of r, and
using [|A"q|| < QHA”_qu, we obtain for any € > 0:

o QOA N" N n, ||« r—1lgm, ||cr— [e7% r—1lgm, . |lo
Dy < —5— ZN > AT | AT Tl 20 AT T

(150,00 ) EQr
< ¢ \- N Z (51,0}1)%( 5é70h2 )OQ( 5:/37‘gh3 )04.3. . <M>ar_1 +a
= N?“k Nn N?n N(S—E)n N(r 1 'g)n

n=0 (a1yeeyr ) EQ
1k a1 2 r—1 Qr—1+ Qr

<V ¥ () (@) (o)

— Nrk Nn N2n N(r—1-en

' k-1 ha1+2a2+---+(r71)ar_1+(r71)ar

n=0 (a1 ) EQ
rn
S Nrk N Z (Noq+2a2+(3—€)o¢3+--~+(7"—1—2)an1+(r—1—€)o¢,«)n‘

n=0 (alr"vaT‘)GQr

Qa2

For the next estimates we employ the fact that (aq,...,a,) € 2, = a; < L’"]ilj,
which in turn implies a, < 1, =% < b7, N < N, as well as Y _sa; <
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(r+1) ZTH L =:n,, and we choose € such that n,¢ < ¢/2:

1 k-1 hrJrlfaT

~ C rn—ke // kEhT
Dk S W ZN Z (Nr+l—2;:3 ajg—o”) - (r—e)k Z N Z] 304]

QA yeeny O

1 1

ke+nmn,€ n/2—k)e
< N(r ek ZN = N (r—ek ZN

2k [e%S)

C//hr Cl/hr C//hr 1
_ Jje/2 Jjel2 .
T 3 NS et ) N S e e
J

Thus,

N riQk ik i
with d, . depending on r,¢, 5,7, f but not on h or k, and the proof of (21) is
complete. Next, we show (22). From (9) and ||ATp|| < h7||f]], we get

hr A T T hr
(r—e)k + N'rkh Hf( H — 7”6]\]'k(r €)’

This concludes the proof. U

IA™T p|l < |A"(S = T)*pl| + |A"S*p]| <

LEMMA 7. Under the same conditions as in Lemma 6,
N(r—l)k
hrfl

(23) ATH(S* — TH)p|| < const - hZ.

PRrROOF. The first part of the proof is analogous to the proof of Lemma 2. The
difference is that we do not use the relation ||Ag|| < 2||¢|| and use the proximity
condition (13) directly. We thus obtain the estimate

Fyo= AT (S* = T)p|
_1 k-1

CA,_N"
o= (r=1)n n o, . rm, || o
< o N AT AT

777777
n=0

This time, in contrast to the estimate for Ek above, we are able to estimate
|A™T"p|| by (22) and do not have to resort to the crude estimate ||A"T"p|| <
2[[A™1Tp||. Again we employ the inequality > 7_ a; < n,. Thus we obtain

~ o 85 chyoa /0, h2xas ;6L B3 N s 5 BT\ o
(r—1)n 1,0 2,0 3¢ o e
sy 2N 3 () Gen) (o) ()

m k—1 hoit2asttrar

Na1+2a2+~-~+rar—z;-:3 aje)n
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C// k-1 (1) hr+1
< N =1k ; N Z (N?"+1—17re>n'

We now choose € such that n,.e < 1, therefore N™*1=7¢ > N and we get

. C///hr+1 k-1 Y hr+1
Fk S WZON SCOHSt' N(r—l)k'
This implies (23):
N =Dk NE—Dk _
=] ATY(Sk — Tk)pH = Fj, < const - h?,
and the proof is complete. U

COROLLARY 8. Under the same conditions as in Lemma 6, (S®f — T )=V
exists and is bounded by a constant times h?.

3. Approximation order

For interpolatory subdivision schemes S,T" which fulfill a proximity inequality of
order r, we show that if S is a linear C" scheme, then the nonlinear scheme 7" has
approximation order r + 1.

THEOREM 9. Let S, T, hy be as in Lemma 6, with S, T interpolatory schemes.
Assume that a vector-valued function f : R — V with bounded derivatives up to
order r is sampled at density h, where h < hg. Then the limit function T f fulfills

(24) |f —T>°f|| < const - A"

PRrROOF. In view of Lemma 1, we can without loss of generality assume that the
considered subdivision scheme obeys (14). According to Corollary 8, [[(S®f —
T=f)=D|| < const - k2. Because both S and T are interpolatory, f(ih) =
S f(ih) = T f(ih) for all integers i. We consider the function ¢ = T f — S f
and apply Taylor’s formula to the equation 0 = ¢((i + j)h) for all i,j € Z:
o h) 2 gy, (JR)'
0= ihd(ih) 4t I 2y U e
where 0;; € (th, (i +j)h). With j =1,2,...,r — 2 we get the following system of
equations. It is to be understood component-wise in the coefficients of the vector
functions ¢, ..., " V:
_ 10 el (e
1 ... 12 ho .(zh) e 1711 (0, )

) ’ ) re r—2 (r:—z)i N (7’— 1)' _ :r— ’
r—=2 (T - 2) 2 n ((i)«,g)! (&h) (T’ - 2) 2¢( 2) (Gi,r72)
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The matrix of this system, denoted by V,._», is a Vandermonde matrix and therefore
regular. The symbol ||V,~}|| denotes the norm of its inverse with respect to the
maximum norm. In view of Corollary 8 we obtain

 Jax | HWH < ||V.ZL| - const - BTt = || (ih)|| < const - A7FIF
for k =1,...,r — 2. Taylor’s formula now implies that
-2 =2 -1
|p(ih + 7)| < const - (Th" + 5h“1 + mhf” + = 1)!h2)
< const - "™t for 7 € [0,h],i € Z.
Thus we have shown the desired approximation order. O

EXAMPLE 2. The linear (2k 4 2)-point Dubuc-Deslauriers schemes have approx-
imation order 2k + 2, as they reproduce polynomials up to degree 2k + 1 [1].
They enjoy C" smoothness, where r grows with k, but is much lower than 2k + 2.
The projection analogues of these schemes according to [4] fulfill the conditions
of Theorem 9, so they have approximation order r + 1. The same applies to their
log-exponential analogues in Lie groups, where the proximity conditions (13) were
established by [12].

Remark on the multivariate case: The methods presented in this paper can in
principle be adapted to show analogous results for multivariate interpolatory sub-
division schemes in the regular grid case. Without going into details, we mention
that the method of [5, 3| to prove multivariate statements along the lines of uni-
variate ones works also for the present paper. When subdividing on s-dimensional
grids, we essentially have to replace the forward difference operator A by a vector
operator A, whose components are forward differences in the s directions, and to
deal with corresponding derived schemes with matrix masks. We should add that
the proximity conditions employed in [3] to show C" smoothness of interpolatory
schemes in Lie groups are different from the ones required in this paper, but a con-
version is possible. For the Taylor expansion argument in the proof of Theorem 9
one has to choose a set of indices j € 7Z° suitable for polynomial interpolation.
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