Hopf mappings for complex quaternions

Johannes Wallner

Abstract

The natural mapping of the right quaternion vector space H? onto
the quaternion projective line (identified with the four-sphere) can be
defined for complex quaternions H ®r C as well. We discuss its ex-
ceptional set, the fiber subspaces, and how the linear automorphism
groups of two-dimensional quaternion vector spaces and modules in-
duce groups of projective automorphisms of the image quadrics.

1 Notation

Consider the skew field H of quaternions. We will use the usual notation
a = ag + ta, + jas + kas with real numbers a; and the ‘quaternion units’ ,
J, k. The symbol @ denotes the quaternion ag —ia; — jay — kas conjugate to
a, and the quaternion norm is denoted by N(a). It has the properties that
N(a) = aa = aa = a} + a? + a3 + a3, and that N(ab) = N(a)N(b). The
group of unit quaternions will be identified with the three-sphere S® = {a €
H|N(a) =1}.

If V is a vector space over the field K, we write rkg, dimg, etc., to
indicate the field, if ambiguity is possible. Likewise we write Px (V') for the
projective space defined by V. Nonetheless we use ‘standard’ notation to
indicate ‘standard’ objects: The real projective space Pg(H?) is of dimension
seven and will be denoted simply by P’. The subset {(qo,q:1) | N(q) +
N(q1) = 1} of H? is called its unit seven-sphere and is denoted by S7. P7
arises from S7 by identification of antipodal points.

The projective line Pg(H?) is the set of one-dimensional right quaternion
linear subspaces of H?, and is denoted by P(H), i.e.,

PH(H) = {(0, ¢1)H | (g0, @1) # (0,0)}. (1)



2 The Hopf mapping P’ — S*

The topology of P'(H) as induced by the natural mapping H? — P'(H)
is homeomorphic to S*. This homeomorphism is explicitely realized by the
stereographic projection: The real vector space H & R contains the unit

sphere S* = {[?Zz] cEH®R|N(y)+7n*=1}.
The stereographic projection o : P(H) — S* is defined by

1
[, 18 =551l 1) 2

and

—1[y] _[1—m
g [n] N [ y ]H (3)
The Hopf mapping is usually defined as the mapping from S” onto P(H),

which maps [g(l’] to [gﬂH We will use the fact that both [g(l’] and [:gﬂ

are mapped to the same projective point, and use the mapping [gﬂR —

{g;’]H In order to make the image a sphere embedded into a real vector

space, we define the Hopf mapping ¢ by

0P = 5% o[ O]R) =0 M(|P]H). (4)
The p-preimage of {Z} € S* equals
=1 5)

The set [1 ; n]H has an interpretation as a projective point of P*(H), a one-

dimensional right quaternion linear subspace of H?, as a four-dimensional real
linear subspace of H2, or a three-dimensional subspace of P7.

Remark Welet H = {1,—1} C H and consider the group G = S*/H, which

is isomorphic to SO3. The group G acts on the fibers of ¢ in the following
. —q.H — Po — boa — | boa ;

way: If g = a- H = +a, then g([ql]R) :i:[qla}R [qla]R' This makes

¢ : PT — S* a principal SO3-bundle over the base space S* (cf. [3], p. 105).
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We embed the affine space H® R into the real projective space P° = Pr(R®

1
H®R). The point [%] € H®R is identified with the projective point [ y ]R.

n
Consider the mapping

N(a) + N(b)
v H SROHSR, w[g]:[ ()2ba()]. (6)
N(b) — N(a

Because

1 [ 2q145 " } _ 1 [ 2q1q9 }
N(qigy") N(qigy') -1 N(q1) + N(q0) " N(q1) — N(gp)d’

(7)

we have the equivalence

J 1
olin= |3 |= = el =512 ®
If we use coordinates with respect to the bases [(ﬂ, [6], [6}, [’(ﬂ, [(1)],
1 0 0 0 0 0
0 00 8 0] (3] 2] () (2] (8] o e

R T

2 +Zoxr4 + 125 + Toxe + I3I7)
Lo

(
- 2(—woxs + T124 — T2x7 + T3%6) (9)
’ 2(—zoze + 127 + ToTs — T3T5)
3
2(+£E0:E7 + 1T — QX5 — :E3£E4)

_xﬁ+x§+x%+x%—x%—x%—x%—x§

3 The projective automorphism group of S*

The group S? acts as a subgroup of SOg via right translations Ra[g(l’] =

[g?g], and this action leaves the fibers of ¢ invariant. This right multiplica-

tion however is not right H-linear, but semilinear with respect to the inner
automorphism z — a 'za of H.

We ask if the action of SO5 on S* is induced by a subgroup of SOg, or
by a subgroup of GL(2, H). It will turn out that the answer to an even more
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general question is affirmative. We use the notation PGL(S*) < PGL; for
the projective automorphisms of the unit sphere when embedded into P°. A
projective automorphism zR — (A - )R is determined by the set of scalar

multiples AR of a regular matrix A. It leaves the quadric 27 - J -z = 0
invariant, if and only if AT JA = \J with X\ # 0. Thus

PGL(S*) = {AR | ATJA = \J}, (10)
J= {11 ] AER\O.
1

Lemma 1 PGL(S*) has two connected components. The component con-
taining the identity, which consists of orientation-preserving transformations,
is denoted by PGL™(S*), and is isomorphic to SO /{+1}.

Proof: If A < 0 in Equ. (10), then the matrix A = A/,/]\| fulfills A JA=
—J. This means that the last five column vectors of A span a subspace where
the scalar product (z,y) = x1Jy is negative definite in. This contradicts the
inertia theorem, so A > 0.

Let O5; = {A | ATJA = J} and SO5; = {4 € Os; | det(4) > 0}.
Then for all AR € PGL(S*), A/VA € Os,. Conversely, A € Oy, implies
that AR € PGL(S*). This shows the isomorphism PGL(S*) 2 O5,/{+1}.
The group SO5; has two connected components, distinguished by the sign
of the upper left 5 x 5 minor (cf. [1], p. 44). As this minor is of odd order,
SOs,1/{£1} is connected, which shows the statement of the theorem. O

Lemma 2 The Hopf mapping provides an isomorphism
¢, GL(2,H)/R* 2 PGLT(SY), @.(LR) = pLyp™". (11)

Here R* denotes the subgroup of homothetical transformations with nonzero
real factors.

Proof: We first note that

a b1l 1

o all,] = [d_l(l +(dte— a‘lb)(q+a_1b)_1a_1)]H’ (12)
wherever defined. This shows that L € GL(2,H) induces in P'(H) a com-
position of transformations of the following types: ¢ — ¢ + a, ¢ — qa,
q — aq, and ¢ — 1/q. All of them are Mébius transformations and map
the set of lines and circles onto itself. This property is not destroyed by o,
and so o, L = @Le~" maps circles to circles. It is well known (cf. [2], p.
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992) that then p,L = k|S* with x € PGL(S*). Because GL(2,H) is con-
nected, x € PGL"(S*) (the connectedness of GL(2,H) can be shown in a
way completely analogous to the proof of Lemma 13).

Clearly ¢, : GL(2,H) — PGL(S*) is a homomorphism with ker ¢, con-
sisting of the homothetical transformations [Z} — )\[Z}, A € R To show
that ¢, is onto, we allow a topological argument:

dimg GL(2, H) = 16,
dimg GL(2, H)/R* = dimg PGLT(S*) = 15, (13)
and PGL"(S*) is connected. The image of ¢, is an open subgroup of

PGL™(S*) because ¢, is of constant rank 15 (its kernel has dimension one),
and therefore coincides with PGL*(S%). O

We are going to find explicit ¢,-preimages of generators of SO5. The stabi-
lizer of [(1)] in SOj is isomorphic to SO, and acts on the invariant subspace

H& 0. We know that every element of SO,4, when acting in the standard way
on the three-sphere S® C H, is a product of a left and a right multiplication

[1)] have the form

(2] = aamt 2] = [, 1)

with unit quaternions. Thus all v € SO5 with fy[ﬂ = [

If a,b € S? and go[gﬂ = [%], we have
gp[b%} =0 [aqlqollb_l}R
1 [ 2aq1Gob ]
N (bgo) + N(ag) LN(ag1) — N(bgo)
1 [ 2aq;qob~" ] _ [ayb_l}
N(qo) + N(q1) LN(a1) — N(qo) n I

by multiplicativity of N(-). Thus the action of SOy, as stabilizer of ¢(0,1) in
SOs5 is induced by the subgroup of matrices

Loy = [g ! ] €GLER,H), (abe S, (15)
Consider the subgroups
y1cost — yssint
yl y2
Ot - = Y3 ’ (16)
Ys Y4

y1sint + ys cost



Oat = )\aUlyt)\gl. (17)
The family oy, of rotations generates SO5 together with the stabilizer of [(1)] .

It is directly verified that for all [g] € S the equation

((1 —n)sint +ycost)((1 —n)cost —ysint)™" (18)
= (yycos2t —nsin 2t + iys + jys + kys)
(1 — (ncos2t + y; sin 2t))

holds. This means that

cost —sint _
Sl,t = [sint COSt:| — QOSL,%,O 1= 012t € SO5 (19)

It follows that 0,9, is induced by

_ 1 0 t —sint 1 0
Sat =@ 10a,2t80:[0 GHCOS o HO a]' (20)

sint cost

At last we see that
=[00] = Bleee =12 e

n n
We define the R-basis [1} -

o) [&] [1]:--

Then the following makes sense:

, [2] of H? to be orthonormal.

Lemma 3 The preimage ¢ '(SOs) is contained in SOg N GL(2, H).

Proof: The right H-linear automorphisms S,; and L, of H? are contained

in SOg, if we see them as R-linear automorphisms of R8. O
_ , Yo |
Lemma 4 Consider a point | y |Re€ S*C (ReH® R) & P5. We define
Ys |
the vectors vy, ..., ws € H? by
ws — [ vw—un },w4:- Yo — Y2 ]7
LY —Ys — W1 LY — tYys — Y2
— [ Yo—us ] _[ Yo — Ya ]
wy = ) . we =
T ly—gys —gysl 0 Ly —kys —kya )’
_ [yo—s _ v _[ 1 1},
Ty ] 2 [yo+y5}’ v3 [—1 1]
v —_1_i]-wv—[1_j]-w v—[l_k}-w
4 - __/[; 1 4, Us — _] 1 5 6 — _k 1 6-



Yo
Then the preimage ¢+ [ Yy ] equals viH = ... = vgHL.

Ys

Proof: Equ. (3) shows the result for v;. The equation vy, = I~ 'p~!i(v)
shows the statement for v,. The rest is a translation of the formulas w3 =

-1 1Y — ol (LY —olg. (LY — ! 11y
eTlorg (| Y wn =T loug (| Y ] ws = o7ty (5| L] ws = e hons (5| 2 ),
and vy = %Sf’% (w3), v4 = %S;%(W), vy = %Sj_é(ug), Vg = %S,;%(wﬁ).
O

4 Complex quaternions

Definition The tensor product
H = H @ C, (22)
is called the algebra of complex quaternions.

We denote the imaginary unit in C by the symbol ic. We further nat-
urally extend the definition of conjugate quaternion and norm, using the
same formulas as in the real case). The relations N(a) = aa € 1 ® C,
N(ab) = N(a)N(b), a™' = % @ remain true. A polynomial identity in

N(a)
quaternions carries over to a polynomial identity for complex quaternions, as

the embedding H — H defines a homomorphism Hzy, ..., x,] — Hzy, ...,
x,] of polynomial rings.

Consider the left and right multiplication operators A\, and p,, which are
defined by A\,(z) = az and p,(z) = za.

Lemma 5 The sets Ha and aH are C-linear subspaces of H. Their C-
dimension equals four if N(a) # 0, and two if N(a) = 0, a # 0. In the
latter case ker(p,) = all and ker(A,) = Ha.

Proof: The coordinate matrix of A, with respect to the basis (1® 1+ i ®

ic,1®1-i®ic,j®1+k®ic,j®1 - k®ic) is given by L, = [gl _gﬂ’
with

a0 — i@al 0 . 0 as — i((ja3

B = [0 ao—l—i@al]’ B = [ag-l—i(cag 0]' (23)
If one of ag £ icay, ay £ icas is nonzero (which is the case if a # 0), then
obviously rk()\,) > 2, and dimg(ker \;) < 2. The determinant of )\, equals

N(a)?, so dimg(aH) = 4 if N(a) # 0. The same results hold for aH, because
za = ar for all x, a.



Figure 1: Left: The quadric N(z) =0 in Pc(H® C). Right: see the proof of
Lemma 8.

If N(a) =0, then Ha C ker A;. Because dim(Ha) = rk(A,) > 2, we have
actually dim(Ha) = 2 and Ha = ker A\;. The argument for oH is similar. O

Consider the three-dimensional complex projective space Pc(H), consisting
of elements aC with a € H. The equation N(a) = 0 defines a quadric, i.e., a
nonsingular quadratic variety. It carries two families of projective subspaces
of C-dimension one (its generator lines), which have the property that (i) all
points of the quadric are incident with exactly one line of each family (ii)
any two lines of different families intersect in one point.

Lemma 6 If N(a) = 0, then the sets aH and Ha coincide with the two
generator lines of the quadric N(x) = 0 incident with aC. One family of
generators consists of the sets aH, the other one of the sets Ha.

Proof: By Lemma 5, the subspaces aH and Ha are of C-projective dimension
one. Obviously they are contained in the quadric N(z) = 0. As all points
of this quadric are incident with exactly one generator line, this description
exhausts all generators. B B

If ab # 0, the generators aH and Hb intersect in abC, which shows that
they belong to different families of generators (cf. Fig. 1). D

5 Extension of the Hopf mapping to H & C.

We consider the affine space H C, and embed it into the projective space
P5(C) 2 P,(CoH®C) (24)
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via
(a,\) = (1,a,\)C.
The projective extension S*(C) of the complex unit sphere has the equation

SHC) s yh = N(y) +v3. (25)

Further we consider the mapping

I . N(a) + N(b)
b HeH—-CoHaC, [Cﬂi—)[ 2ba ] (26)
N(b) — N(a)
There is a corresponding mapping
7:P(C) = PO, &3]0 =2[}]C (27)

which is undefined for those [Z] with {b/[?” =0.

Lemma 7 IZ is zero (and ¢ is undefined) precisely for the elements of the
set

W0y = {| ] | N(@) =0}y ={| ] | N(a) = 0}. (28)

(N(c) + N(d))N(a)
Proof: Obviously ¢ [fl“a } = cN(a)d =0foralle,dif N(a) = 0,
(N(d) — N(a))N(a)
which shows the ‘O’ part of the statement. We show the reverse inclusion:
If N(a)+ N(b) = N(a) — N(b) = 0 then N(a) = N(b) =0. If N(a) =0,
Lemma 6 shows that the set of x such that xa = 0 equals Ha. This implies
$=1(0) = {[ ;a] | N(a) = 0}. This set is contained in {[ o ] | N(a) = 0},

and we are done. O
We show a lemma whose proof uses geometry to show an algebraic relation:

Lemma 8 Ifa,b,a',b are complex quaternions of zero norm, then the equa-
tion b'a’C = baC is equivalent to a’' = ax, b’ = by.

Proof: Consider the quadric N(z) = 0 in H and its two families of generator
lines. Generators of the same family do not intersect unless they are equal,
and generators of different families intersect in precisely one point. b'a’'C =
baC means that the generators 0'H and bH intersect, and therefore are equal.
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Likewise the generators Ha' and Ha are equal. Thus b = bz and @ = ya (see
Fig. 1).

Conversely, a' = ax, b’ = by imply these equalities of generator lines.
Generators of different families intersect in precisely one point, which must
be v'aC = ba'C. O

Theorem 1 The image of p = S*(C). Ifvy,...,vs are defined as in Lemma
4 with scalars 1® 1, 1®1, @1 and k ® 1 instead of 1,1,7, and k, then

~ Yo
the preimage ¥v~'| y

](C of a point of S*(C) contains the vectors vy, .. ., vg.
Ys

Yo
There is an r such that p(v,C) = [ Yy ](C.
Y5

Proof: It follows directly from Lemma 4 that for all » the vectors J(v,) and

Yo
[ y ] are C-linearly dependent. We show that ¢ is onto, i.e., there is an r
Ys

such that ¢(v,) is nonzero.
If ¢ (v1) = 0, then (yo — y5)? = 0, which means yy — y5 = 0. If ¢)(vy) = 0,

[ Yo ~
then necessarily yo + y5 = 0. This shows that | y ] is a Y-image if either y,
L Ys
Or Y5 are nonzero.
[0
Now consider the case yy = y5 = 0. If y] € S*(C), then yy = 0.
L 0
: _ [ —n _ [2n+ty ” _
If y; # 0, consider w3z = [y—yJ and vg = [ Y } Then (v3) =

0 0 0
[ y(—=2y1 +7) |C = [ —2y1y ] C= [ Yy ] C. If y5 # 0, we use v, instead of vs,
0 0 0

and analogously for the cases y3 # 0 and y4 # 0. O

Yo

Lemma 9 The complete p-preimage of a point [ Yy ](C € P>(C) consists
Y5

of ¥~1(0) and a three-dimensional projective subspace U < P7(C). Assume

~ yO alrr 0 i .
that ¥(a,b) = | y |C. Ifyg=1ys =0, then U = [O]H+ [b]]HI Otheruwise,
Ys

10



~ Yo ~
Proof: We let w[(g] = [ y ] € CoHe C. In the proof we consider only
Ys
points where ¢ is defined, i.e., ¥ is nonzero.
There are the equivalences

(1)  N(a) #0, NO)#0 <= yo # £ys

(i1) N(a)=0, N(Ob)#0 <= yo=y;#0, (20)
(i7i) N(a) #0, N(b) =0 <= yo=—ys #0,

(i) N(@)=0, N(B)=0 <= yy=15=0,

and it is obviously sufficient to treat cases (i)-(iv) separately. If N(a) # 0,

there exists a~! and {/;[Z] = J[bal_l ] . The mapping 1; is injective for vectors

[i] If N(a') # 0 and J[Z,’}C = J[Z}C, we conclude b'a’~! = ba~! which

means [Zl,] = [zg] This shows the result for cases (i) and (iii).
An analogous argument based on N (b) # 0 shows the result for cases (i)
(again) and (ii). As to case (iv), we do the following: If N(a) = N(b) = 0,
~ 0 / —r ~
then w[cﬂ = [bOE]. We look for [Z’] such that 1/)[2,}@ = ¢[Z]C. By

!

Lemma 8, this is equivalent to b’ = bz, @ = ay, or [Z’] - [Zﬁ -

Definition The three-dimensional subspaces U mentioned in Lemma 9 are
called the fiber subspaces of 1.
Obviously the sets U \ ¢ 1(0) form a partition of (H & H) \ ¢*(0).

Remark Recall that the fiber subspaces of the compler Hopf mapping ¢ :
P3 — 5% oc [(q](l’]]R = [g(l)]«: are straight lines contained in an elliptic linear

congruence. After a complex extension, these lines meet the exceptional set
of the Hopf mapping, which is a union of two lines. The situation here is

a } =0 if N(c¢) = 0.

similar. A fiber subspace intersects ¢b~1(0), because zﬂ bg

Definition We define two points of S*(C) to be parallel, if their span is
contained in S*(C).

Lemma 10 The fiber subspaces of non-parallel points are skew. The fiber
subspaces of a plane of parallel points intersect in a common line, which is
contained in the set 1='(0).
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!
Proof: Assume that the fiber subspaces of w[cﬂ and 1/)[%,] have a point
!/
in common, and that both [Cﬂ and [Z’] belong to classes (i)—(iii) of the

proof of Lemma 9. Then [zg] = [Z’IE’,] with N(c) =0, [Zﬂ # 0. Further

1.
[Cbbg]]ﬂ = [Z’g’l]ﬂ for all £ € H, so these fiber subspaces have a line in common.

The generator lines He and He' of the quadric N(z) = 0 intersect in the
point ac = d'd, so they are equal and ¢ = 'k, N(k) # 0. Thus there is

a'd

the following chain of equivalences: [zg] = [b’c’} <~ a—dk, b—Vk €
ker(R.) = im(\e) <= [Cb‘] = [Z”}kjL W]E with k,m,n € H, N(k) # 0 <
@H = a,, + | ™ |¢)H with m,n € H. Direct computation shows that
[b b n
, _ , (d'cm)g (b'em)
1/)[“,+>‘m_c} - ¢[“,] +2)\| Vem + 24| ned ], (30)
b+ punc b i I
—(a’'cm)o (b'em)o

where (+)o denotes the first component with respect to the standard C-basis
(1,4,7,k) ® 1. Tt is easily verified that this is indeed a parametrization of
a plane, unless ac = bc = 0. The remaining cases are similar, but to avoid
computations we could also use the fact that GL(2, H) leaves the set 1~ (0)
invariant and apply one of the mappings S, of the proof of Lemma 9 such

!
that neither {Cbb] nor [Z’} belong to case (iv). D

Lemma 11 For all planar sections ¢ of S*(C) which are conics, there is a
line ¢ with p(¢) = c. The same is true for all lines of S*(C).

Proof: If the conic c is a planar section of S*(C), it does not contain parallel
points, so the fiber subspaces of ¢’s points do not intersect. We choose
three points Py, P,, P; € c¢. Consider their fiber subspaces Uy, Uy, Us. For all

a’l . . . a’l . s . a’L
[bl }(C € Uy, there is a unique line L[bl} which meets U; in a point [bi](C.

The correspondences [ZZ] e [Zﬂ ] are linear and one-to-one, so we can avoid
i j
[Cb“] € ¢ 1(0). We let let ¢ = L[Zi] The image p(¢) is linear or quadratic
13
and contains Py, P, P3, which shows that actually {E(a =c.

If P, P3 are parallel, but P; is not parallel to P», P3, this procedure must
fail because there is no line or conic in S*(C) which connects Py, P, Ps, and
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so U; and Uz must have a point in common. As Lemma 10 shows, there is a
line ¢ C H? such that ¢(c) = P, V Ps. D

It is not difficult to generalize Lemma 2 to the case of H. The group
PGL(S*(C)) of projective automorphisms of S*(C) equals the set {AC |
A e C ATA =\ Fg, A € C}. Because A = +(1/v/A\)A has the prop-
erty that A' A = Eg, we have PGL(S*(C)) = Og(C)/{£1}. The two con-
nected components of Og(C) are distinguished by the determinant. Further,
det(A/ £ +/A) = det(A)/A>. Thus we have

Lemma 12 PGL(S*(C)) = {AC | ATA = Es, \ # 0} has two connected
components distinguished by the value of det(A)/A3.

The component containing the identity is denoted by PGL*(S*(C)). Obvi-
ously

PGL*(S%(C)) = SOx(C)/{=£1}.

Lemma 13 The group GL(2, fEV]I) of invertible right H-linear endomorphisms
of the right H-module H? operates transitively on H2\¢~1(0) and is connected.

Proof: We use the fact that the complement of the quadric N(z) = 0 in H
is arcwise connected, as it is of real codimension two. B
The symbol GZ’}% denotes the set of elements L € GL(2,H) such that

c

L[Z] = [d} Obviously the stabilizer ng of [(1)] consists of the matrices

d
is a path L; in GL(Q,IF]I) beginning in Gtg and ending in G'f:g: If a(t) is a
path with a(0) =1, a(1) = a, then we let

L= [“(t) 0 ] (31)

[ i 0 ] with N(d) # 0, and is connected. We show that for N(a) # 0 there

t-b 1

If N(b) # 0, we analogously find a path L) which begins in ng and ends in
Gol.

If both norms N(a) and N (b) are zero, consider the paths S.; as defined
by Equ. (20). Obviously S,y = id for all ¢, and the proof of Th. 1 implies

/
that we can choose ¢ such that SC’”/‘*[Z} = [Z’} with either N(a') # 0 or

N(') # 0. This shows that either there is a path in GL(2, H) beginning in

0] instead of [é]

1 ..
Gljg and ending in G‘f:g, or the same for [1
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As G[I)j(l) is nonempty, this shows that GL(2,1§I) acts transitively. If L €
Gg:‘f, L' e Ggﬁ, then Ggﬁ =L GZ’z - L', so all sets GZ’z are homeomorphic.
One of them has already been shown to be connected, so all of them are
contained in the same and only arc component of GL(2, H). D

Theorem 2 The Hopf mapping ¢ provides an isomorphism of the groups
GL(2,H)/C* = PGL*(S*(C)) = SO¢(C)/{£1}.

Proof: We first show that all L € GL(2, Iﬁl) induce a projective automorphism
of S*(C). To avoid computations, we appeal to a more general theorem by
showing that L induces an automorphism of a circle geometry in the sense
of [2]:

The set C of proper circles are those planar sections of S*(C) which are
either conics or pairs of lines. An automorphism of C is a bijection of S*(C)
which maps C to C. Lemma 10 characterizes conics and lines as the ¢g-images
of certain lines, and it distinguishes between them in a GL(2, H)-invariant
way. Thus L maps ¢ !(C) onto itself. We can apply Th. 4.2.3 of [2], p. 992,
to conclude that L induces a projective automorphism ¢,(L) = ¢Lp ! €
PGL*(SY(Q)).

To show that ¢, is is onto, we note that its kernel is the subgroup of
complex homothetical transformations, so dimg ker(p,) = 2. From the di-
mensions dimg (GL(2, H)) = 32 and dimg(PGLT(5%(C))) = 30 we conclude
that ¢,(GL(2,H)) is an open subgroup of PGL*(S%(C)). Because the latter
is connected, ¢, is onto. O

6 A Hopf mapping onto the Klein quadric
We consider the real subspace

H=[191,i®1,j®ic, k®icle (32)

of H@g C = H. It is easily verified that His a subring of H and an R-
subalgebra. Further we consider the real vector space

~ 7o ~
R@H@R:{[r]|ro,r5€R,r€H}. (33)

Ts
The set Q5 = S*(C) NR @ H @ R then has the equation

r§+r§+rizr%+r§+r§, (34)
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which describes a real regular quadric of index two. There are the projective
spaces PT = Pp(H @ H), P° = Px(R ® H ® R), and the Hopf mapping

N(a) + N(b)
|
N(b) — N(a)

$:P" = P [Z}Rr—) (35)

Its representation z/b\ in homogeneous coordinates with respect to the bases

A Y A R R PSR (30

i [

and
0

1®1

0
J®ic

? Y

[eo Nl

0
0 ] | (37)
1

is given by

[ x%+x%—x%—x§+xi+x%—x%—x% 1
2(+LE0.’E4 + 1Ty — QT — :E3$7)

Zo
~ . 2( Toxs + L1X4 — ToX7 — 323.’13'6)
(U = 9 (38)
(—
(

2 +2ox7 + T1Tg — T2X5 — :E3$4)

ToTe + X127 + ToLy — :1)3.’1;'5)
Ty

[4] e B, @([g}m:[y]& 9“0’([2‘]@):[?4]@ )

Yo yf)
= |y |C=|4¢ |C
Ys Ys
This means that the mapping $ becomes the restriction of ¢ to P7 ¢ P7(C),

if we embed ()42 into complex projective space.
The group PGL(Q4,2) of projective automorphisms of ()4 is the set

{AR | ATJA = )\J} (40)

with

J = -1, : (41)
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Lemma 14 PGL(Q42) has four connected components. With the notations
of Equ. (40), they are distinguished by sgn(X) and sgn(det(A)).

Proof: Both sgn()) and sgn(det(A)) are homomorphisms of PGL(Q42). It
is easy to find examples for all four possible cases, so PGL(Q42) has at
least four connected components: They are distinguished by whether or not
they reverse orientation, and whether they interchange the two families of
generator planes or not. If det(A) > 0, A > 0, then A/v/\ preserves the
bilinear form «, so after a permutation of coordinates, A/\/X € 5033. The
group SO3 3 has two connected components, distinguished by the sign of the
upper left minor of order three (cf. [1], p. 44). The factor SO3 3/{£1} however
is connected, as this minor is of odd order. O

The subgroup of PGL(Q4,2) consisting of orientation-preserving transforma-
tions which do not interchange the two families of generator planes will be
denoted by PGL"(Q42). It is isomorphic to SO33/{%1} and is connected.
The following results are closely related to the respective results for H ® C:

Theorem 3 The image of p = Qa2 If vy, ..., v4 are defined as in Lemma 4

~ Yo
with scalars 1@ 1 and i ®@ 1 instead of 1 and i, then the preimage 1" [ Yy ]R

Ys
of a point of Qu2 contains the vectors vi,...,vs. There is an r such that
Yo
o(v,R) = [ y ]]R (r=1,...,4).
Ys
Proof: Clearly vq,...,v4 € H? if Yo,Ys € Rand y € H. As the proof of Th.
1 shows, it is sufficient to consider vy, ..., v, if one of yg, ys, y1,y2 # 0. This
Yo
is always the case, because [ Y ] € Q12 and yp = y5 = y1 = y» = 0 implies
Ys
that ys = yq = 0. O

Yo

Lemma 15 The complete p-preimage of a point [ y ]R € Qa2 consists of
Ys

Y¥~1(0) and a three-dimensional projective subspace U < P5. Assume that

IZ[Z} = [z]R. If yo = y5 =0, then U = [8]@—1— [2]]?11, and U = [Z]ﬁ
otherwise.

Proof: This follows immediately from Lemma 9 by intersection of the ibv—
preimage with the subspace H? <p HZ. O
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Definition The three-dimensional projective subspaces mentioned in this
lemma are called the fiber subspace of . Again we call points of ()42 parallel
if their span is contained in Q4.

The following is an immediate consequence of the respective result for the
complex case H.

Lemma 16 The fiber subspaces of non-parallel points are skew. The fiber
subspaces of a plane of parallel points intersect in a projective line. For all
planar sections ¢ of Q2 which are conics, there is a line © C P7, such that

AN

o(c) = c. The same is true for all lines of Quz.

The connected component of the identity in GL(2, H) is denoted by GL*(2,

-~

H). Analogously to the case of GL(2,H) we have

Lemma 17 The Hopf mapping @ provides an isomorphism
GL*(2,H)/R* = PGL*(Q4y).

We can show a bit more by using Th. 2: If K € PGL(Q42), then there is
a unique projective automorphism ¥ automorphic for S*(C) which extends
% after embedding the real projective space P into P?(C). The coordinate
matrices of K and k with respect to the same basis are the same. This is not
a basis where the complex unit sphere has the equation v Ev = 1, however.
It has the same equation as @42, namely v’ Jv = 1. We therefore consider
the matrix group

PGL(SYC)) = {AC | ATJA = )\J, A#0}. (42)

It is of course isomorphic to PGL(S*(C)), and the equations det(A)/\3 =
41 define its two connected components. The component containing the
identity is denoted by P—GrLJr(S‘l((C)). If ¥ is in the subset ‘det(A)A > 0’ of
PGL(Q42) (which consists of two connected components), then ¥ is contained
in PGL"(5%(C)), and vice versa.

Theorem 4 The Hopf mapping o provides an isomorphism
GL(2, H)/R* = {AR | ATA = \J, Adet(A) > 0} (43)

The right hand group consists of two of the four connected components of

PGL(Q42).
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Proof: An element L € GL(2, ﬁ) is uniquely determined by its values on the
basis [(ﬂ and {(1)], so for each L € GL(2, H) there is a unique L € GL(2, H)

with E|I/E\]I2 = L. Thus the C-coordinate matrix of L with respect to the basis
(36) has real entries. Conversely, if L € GL(2, H), and its (8 x8) C-coordinate
matrix with respect to the basis (36) is real, then L actually is contained in
GL(2, H).

First, we do the following: For the sake of brevity, we write G for the right
hand group in Equ. (43). As L induces (via @) a projective automorphism
in P—GL+(54((C)) which leaves Q42 invariant, L induces (via ) a projective
automorphism of Q2. This shows that ¢(GL(2, H)) C G.

Second, we show the reverse inclusion: If ¥ € G, then there is a unique
projective automorphism k € P—GL+(S4((C)) extending k. By Th. 2, there

exists L € GL(2, H) with $,(L) = #. Whenever {Z} € H2, and E[Z} = {z,l],
"~

then there are [Z,l,l] € 12 such that [z,l]ﬁ = [Z,,]]HI.

As a C-linear mapping, L permutes the set of subspaces of complex dimen-
sion 1 belonging to to H?, which are spanned by vectors with real coefficients.
As the coordinate matrix of L as a C-linear mapping can be recovered up
to a complex factor from the images of nine subspaces, eight of which are
C-independent, there is a complex multiple aL (o € C) which has a real
coordinate matrix as a C-linear mapping with respect to the basis (36). This
shows that oL € GL(Q,I/E\]I), and obviously oL, like L, induces (via ) the
original projective automorphism of & € ()4 2. Thus, (GL(2, lﬁl)) D G. From
the first part of the proof we know that this inclusion is actually an equality.

Third, we compute the kernel of the mapping $,(L) = PLp~'. The
condition (L[Z?])ﬁ = [ZHI/E\]I for all [3(1)] quickly leads to L[Z(l)] = B[ZH
with # € R. This shows the statement of the theorem. O
Lemma 18 The set H? \{5‘1(0) is connected.

Proof: The preimage of 0 is of dimension less than seven. O

Lemma 19 The right translation R, forx € H is an R-linear endomorphism
of the real vector space H. We consider the linear mapping R = [R, R,] :

H? — H. As to the rank of R, there are the following three cases:
(i) zpm £0:1k(R) = 4.

(ii) wm =0, (z,y) # (0,0) : tk(R) = 2.
(iii) v =y =0:rk(R) = 0.
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Proof: tk(R,) equals four, or two, or zero, if N(z) # 0, or N(z) =0, x # 0,
or x = 0, respectively. Thus, rk(R) equals four if N(z) # 0 or N(y) # 0. In

this case also z/)[ﬁ # 0.

If N(z) = N(y) = 0, but x,y # 0, then rk(R) depends on the position
of the planes R,H and R,H. In projective space, these are two generator
lines of the quadric N(-) = 0, which are skew (i.e., rk(R) = 4) if and only if
r ¢ R,H. This is equivalent to 27 # 0. We see that then rk(R) = 4 if and

only if 1/)[‘;] # 0.
If =0, then rk(R) = rk(R,), and if y = 0, then rk(R) = rk(R,). D

We temporarily denote the connected component of the identity in GL(2,
H) with Gy, and H? \ ©/~'(0) with the letter X. Then there is the following
lemma:

Lemma 20 G, operates transitively on X.

Proof: The orbit of [‘Z] is the image of the mapping Gy — X, [(Z 2] —
[CCL 2] [‘Z] This mapping is the restriction of an R-linear mapping to Gj.

In terms of right translations R, and R,, we may write the first coordinate
of the image in the form [R,, R,] [Z], with the block matrix R = [R,, R,]

already mentioned in Lemma 19. An analogous statement holds for the
second coordinate. Lemma 19 shows that rk(R) = 4, so the rank of the
original mapping equals eight. This implies that G| [ﬁ is open in X.

!/

If two orbits GO[Z] and GO[Z'] intersect, then they coincide, because
Gy is a group. One orbit is the complement of all the others, whose union
is open. So all orbits are closed. As X is connected it follows that there is
only one orbit. O

Theorem 5 The group GL(2,I/E\]I) has two connected components.

Proof: GL(2,]ﬁI) has at least two components, because factorization with
respect to R* produces a group with two connected components. To show
the reverse inequality, we use the notation of the previous lemmas. The

stabilizer ¢’ of [(1)] in GL(2, I/E\]I) consists of the matrices

{{o M]1bdem N #0} (44)
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and has the two connected components N(d) > 0 and N(d) < 0. As Gy
operates transitively in X, all stabilizers are homeomorphic. If g € GL(2, H),

choose a h € Gy with h[(ﬂ = g[(l)] Further, choose path h; in Gy with

ho = id and hy; = h. Then hi'g is a path which connects g with h'g € G'.
It follows that GL(2,H) has not more connected components than G’, i.e.,
two. O

The quadric (42 is nothing but the Klein quadric or the Grassmann manifold
G31 = Pr(A’R*), which is a model for the lines of projective three-space:
A line which spans the points aR, bR with a,b € R* has the homogeneous
Pliicker coordinates

a; a;
=]y 9| (45)
which depend only on the span of aR, bR, and fulfill the relations
i =0, Xy = —Xj, To1%ez + Toa¥z + L1312 = 0. (46)
The substitution
Yo = To1 + T23, Y3 = To2 + T31, Y4 = To3 + T12, (47)

Y1 = To1 — T23, Y2 = To2 — 31, Y5 = o3 — T12

yields a projective isomorphism G351 = (042. The projective automorphisms
of the Grassmannian are in one-to-one correspondence with the projective
automorphisms of the dual pair (P3, P*), consisting of the four following
connected components: As P? is orientable, there are orientation-preserving
and orientation-reversing projective automorphisms. Further, there are pro-
jective automorphisms which map P3 to P? and such ones which interchange
P3? and its dual P3*.

Acknowledgements

The author wishes to express his thanks to the reviewer for the careful reading
of the manuscript.

References

[1] A. L. Onishchik, E. B. Vinberg: Lie Groups and Algebraic Groups.
Springer, Berlin 1990. Translation of: Seminar po gruppam Li i alge-
braicheskim gruppam, Nauka, Moskva 1988.

20



[2] E. M. Schroder: Metric geometry. In: F. Buekenhout (Ed.): Handbook
of Incidence Geometry. Elsevier 1995.

[3] N. Steenrod, The Topology of Fiber Bundles, Princeton Univ. Press,
1951.

Author’s address:

Johannes Wallner

Institut fiir Geometrie
Technische Universitat Wien
Wiedner Hauptstr. 8-10/113
A-1040 Wien

e-mail: wallner@geometrie.tuwien.ac.at

21



