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The Jacobi polynomials induce a translation operator on function spaces on the interval [—1, 1]. For any ho-
mogeneous Banach space B w.r.t. this translation, we can study the according little and big Lipschitz spaces,
lipz () and Lip 5 (), respectively. The big Lipschitz spaces are not homogeneous themselves.

Therefore we introduce semihomogeneous Banach spaces w.r.t. Jacobi translation, of which the big Lip-
schitz spaces are particular examples. We study the relation between semihomogeneous Banach spaces and
their homogeneous counterparts. We give a characterisation of Lipschitz spaces in terms of intermediate spaces.
Our main result is that, for an arbitrary homogeneous Banach space B, the bidual of the little Lipschitz space
lip () is the corresponding big one, namely Lip 5 (A).

1 Introduction

It is natural to generalize the concept of a Lipschitz function f on the real line, i.e., f obeys |f(y) — f(x)] <
Clz —y[* (0 < X < 1), to general metric spaces. Here |z — y|* is replaced by a distance d(z,y). A lot of work
has been done on spaces of Lipschitz functions on metric spaces, see e.g. Weaver [22].

On the real line, a Lipschitz function f is also characterized by |7}, f — fl|le < C|h|*, with the ordinary
translation operators 7}. This expression also makes sense if we replace the sup-norm by the norm of some
homogeneous Banach space B, e.g. B = L'(R). Then the Lipschitz space w.r.t. B consists of the elements in
B with | Ti,f — fllz < C|h|*. By replacing the (induced) ordinary translation on functions by a generalized
translation we obtain a different generalization of the concept of Lipschitz spaces.

In this paper, we consider the interval [—1, 1] and a (generalized) translation induced by the Jacobi polynomi-
als. We investigate Lipschitz spaces w.r.t. arbitrary homogeneous Banach spaces.

(Semi-)homogeneous Banach spaces and Segal algebras on locally compact groups are well understood, see
e.g. the book [21]. In order to generalize these concepts to S = [—1, 1], on which no group structure is imposed,
one first of all needs a notion of translation on the according L'-space. We stick to the interval equipped with
its Borel o-Algebra and the measure 7(®#) whose density w.rt. Lebesgue measure \ is given by Ca,p(l —
x)*(1 + z)”. Here the normalisation constant ¢, g = 2~ #~ ! T(a+ B +2) ['(a+1)"! (8 +1)~! is chosen
such that 7(®#)(S) = 1. The Jacobi polynomials Rﬁla’ﬁ), n € Ny, are orthogonal w.r.t. 7(*%). We choose
the normalization R,(f“ﬂ)(l) = 1, and assume throughout that («, 5) € J, where J = {(a,8) : a > 5 >
-1/2 V (>8> -1 A a+ 3 > 0)}. In that case we have for all z,y € S the positive linearization

1
BRI ) = [ RN anle) ), 1

1 :
where ﬂésyﬁ )) is a probability measure. This important result is due to Gasper, see [11]. We frequently drop the

parameters (c, 3) and think of them as fixed and being contained in J. Details on Jacobi polynomials can be
found in [19].
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For any = € S, a (generalized) translation operator on L!(S, ) is given by

T.f(y) = /_1 [(2) dm(g ) (2). (1.2)

For all x € S, we have that |7 f|l1 < ||f|l1, and furthermore the translation S — L'(S,7), x — T, f is
continuous. These statements can be proved in the framework of hypergroups; we refer to [4]. In fact, S bears a
hypergroup structure induced by the 7(, ., see [14]. So we have the tools of harmonic analysis on commutative
compact hypergroups at our disposal.

(Semi-)homogeneous Banach spaces w.r.t. Jacobi translation can now be defined as follows.

Definition 1.1 Let 7" be a linear subspace of L' (S, 7r) which becomes a Banach space with a norm || ||7. T'is
called semihomogeneous, if
(B1) T contains all Jacobi polynomials R,, (n € Np),
B2)  forall f € T,|[fl|1s < | fllz-
(B3) forfeTandx € [-1,1], T f € T and | T, f|lz < || fll-
T is called homogeneous, if in addition,
(B4) for fixed f € T, the translation S — T, x — T f, is continuous.

Homogeneous Banach spaces with respect to Jacobi polynomials were introduced in [10]. Examples can also
be found there. Semihomogeneous Banach spaces with respect to commutative locally compact groups were e.g.
treated in [21].

Using the (generalized) translation, the convolution on L'(.S, ) is given by

(fxg)(x):= /_1 f(2)Tog(z) dm(z). (1.3)

We have f+g=g= f,and || f *gll1 < || f||l1]lgll1. It follows that L' (S, 7) is a commutative Banach algebra with
this convolution as multiplication.

Definition 1.2 A semihomogeneous Banach space T is called convolutable if, for g € L!(S,7), and f € T,
for the ordinary convolution product in L' (S, 7) holds, that f x g € T'and || f = gl|7 < ||f||l7llgllL:-

Hence, convolution w.r.t. L (S, ) induces a module operation of L!(S, ) on convolutable 7.
The Fourier-Jacobi transformation from L (S, 7) into ¢ (Np) is given by

F(f)(n) = / )Ra(2) dr(:). (L4)

We frequently use the notation f instead of F (f). A uniqueness theorem is valid, and the range space is well

defined, since a Riemann-Lebesgue lemma holds true. It can be easily shown that 7 (T3 f)(n) = R, (x)f(n), for
n € Ny and f € L'(S, 7). The connection between convolution and Fourier-Jacobi transformation is given by

F(f=g)(n) = f(n) g(n), (1.5)

where f,g € L'(S,7) and n € Ny.
We need the notion of an approximation kernel in L (S, 7) later on. Therefore we recall the definition.

Definition 1.3 Let I equal either N or RT. A family {K;};c; C L'(S,n) is called an approximation kernel
if
(K1) [ Ki(z)dn(z) = 1foralli € I.
(K2) Sup;er ||{<i||L1(S,rr) < 00,
(K3) lim; o, K;(m) = 1 for all m € N.
An approximation kernel is called positive if, in addition,
(K4) K; >0foralli € I.
We call the family {K;};c; a polynomial approximation kernel, if K; is a polynomial for every ¢ € I. An
approximation kernel has the peaking property, if for every h € [—1, 1], and every & > 0, there is an N € I, such

that ffl |K,(z)| dr(z) < e forallm > N.



The de la Vallée-Poussin kernel is an example of a positive polynomial approximation kernel, indexed by the
nonnegative integers, which has the peaking property, see [1].

The structure of our paper is as follows. We start out by investigating semihomogeneous Banach spaces. We
show that there is exactly one homogeneous Banach space contained in semihomogeneous 7', which coincides
with the closure of the space of polynomials w.r.t. the norm of 7". Then we study an unbounded operator, the
Jacobi differential operator, in a homogeneous Banach space B. This operator will be needed later on, and its
domain is an example of a homogeneous Banach space. In the following we concentrate on Lipschitz spaces.
Again starting from a homogeneous Banach space B, we can define little and big Lipschitz space w.r.t. B. The
big Lipschitz spaces turn out to be convolutable semihomogeneous Banach spaces and the little Lipschitz spaces
are the homogeneous ones contained in them. We characterize Lipschitz spaces in terms of intermediate spaces
between a homogeneous Banach space B and the domain of the Jacobi differential operator in . The rest of the
paper is devoted to the proof that the second dual of a little Lipschitz space is the according big one, for general
B. For [0, 1] and the torus, with ordinary translation, these are results of Ciesielsky [8] and deLeeuw [15].

2 Semihomogeneous Banach Spaces

In this section we show that a homogeneous Banach space B is convolutable and that approximation with kernels
also works in B. We also show that every semihomogeneous Banach space has exactly one closed homogeneous
Banach subspace.

First of all, we show that the convolution of an element g € L(S,7) and f € B, where B is a homogeneous
Banach space, agrees with a module operation of L' (S, 7) on B, defined by a certain Bochner integral.

Lemma 2.1 Let B be a homogeneous Banach space. Then B is a Banach-L' (S, 7)-module via ® : B x
L'(S,7) — B, given by

f@g= / 9(a)Taf )

where the integral is understood as a Bochner integral. For all f € B and g € L*(S, ), we have f ® g = f * g,
where * is the convolution in L*(S, ). In particular,

If*glle < fllzrs.mllglls- 2.1

Proof. Property (B4) of a homogeneous Banach space guarantees that {7, f }.cs C B is separable. Hence
the function [-1,1] — B, z — g(z)T, f, is strongly measurable. It follows from

1 1
/ 19(0)] T 15 dr(z) < / 9(@)| 115 dr(@) = gl 1115
—1 -1

that it is Bochner integrable. To see that ® coincides with the convolution, note that B — C, f — f (n), is
continuous, since | f(n)| < || fllz1(s,») < ||f|lz. Hence, for n € No,

1

F(f @ g)(n) = / 9(2)F (T, f)(n) dn(z)

- / 9(a) R () () dr(@) = F)a(m) = F(f =)o),

The uniqueness theorem yields f xg = f ® g € B. O
Proposition 2.2 Let B be a homogeneous Banach space. Then the polynomials are dense in B.

Proof. Let f € B and consider a positive polynomial approximation kernel { K, },cn with the peaking
property. Since K, * f is a polynomial, it is sufficient to show that ||, * f — f||z — 0 as n — oo. It follows
from Lemma 2.1 that

1Kn s f— fllg = | [, (Tof — £)Kn(z) dn(@)l|p < [1 |1 Tof — fllpKa(z) dr(z).
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Let e > 0. By (B4), there is h € [—1, 1[ such that | T, f — f||p < §, for all 2 with h < x < 1. We obtain that
h 1,
1Kot 5= flo < [ Ka@Tef =l dn(o) + [ 5 Knla) dnta)
-1

h
< [1 I Teflls + 1f]8) Kn(x) dr(z) +

We use the peaking property of the kernel and choose N € N such that ffl K, (z) dr(x) < s fH , for all
m > N. This implies
h L £
1Ko £ =5 < 20f1l5 [ Kona) dn(o) + 5 <2l 7
-1
This completes the proof. O

An application of the Banach-Steinhaus theorem yields the following corollary.

Corollary 2.3 Let B be a homogeneous Banach space and { K, }nc1 be an approximation kernel. Seen as
operators K,, : B — B, K, f := K, x f,n € I, we have that || K, || p—p < ||Ky| 11(s,x)- In addition, for all
[ € B,

|Kn*f—fllg—0 as n — 00.

We want to show that a semihomogeneous Banach space contains exactly one closed subspace which is a
homogeneous Banach space. For a semihomogeneous Banach space 7', we define By by

Br={fe€T: z— T,fiscontinuous inall x € [-1,1]}. (2.2)
Lemma 2.4 Let T be a semihomogeneous Banach space. Then Br is a homogeneous Banach space.

Proof. By isobviously alinear space. We start by showing that By is closed in 7" : Let { f,, }, be a sequence
in By with f,, — f and let ¢ > 0. Furthermore, let 29 € [—1,1], and choose N € N such that || fxy — f|l7 < §.
Then ||T, fn — Ty fllz < ||fv — fllz < § forally € [—1,1]. Fix z1 such that || T, fy — Ty, fn ||z < 5 for all
x € B(xo, |21 — x0]) := {z € [-1,1] : |z — z0| < |z — x0]} . It follows that

[Tef = Too fllr < Tef = Tafnlle + 1 Tefn = Too SN l7 + 1 Too SN = Too fll7

§+3+§ forall x € B(xo,|z1 — zol).

For a Jacobi polynomial R,, (n € Ny), and for x,29 € [—1,1] we have that T, R,, — T, R, = (Rn(z) —
R, (x9))R,,. Since polynomials are continuous and scalar multiplication is a continuous operation, R,, € Br,
for all n € Ny. Property (B4) is clear by the definition of B7. So it remains to show (B3), i.e., x — T, T, f is
continuous for f € By and for all y € [—1, 1]. But this is true since

IToTyf — To Ty fll = 1Ty To f = TyToo Il < |1 Tof — Too fIl “=° 0

This completes the proof. O

Lemma 2.5 Let T be a semihomogeneous Banach space. Then span {Ry, : k € No} = Br.

Proof. As{Ry : k € No} C Br and Br is closed, it is sufficient to show that By C span {Ry, : k € Ng}.
This is true since By is a homogeneous Banach space, which implies that the Ry, are total by Corollary 2.3. [

Corollary 2.6 In a semihomogeneous Banach space T, Br is the only closed subspace which is a homoge-
neous Banach space.

We call By the homogeneous Banach space in 7.



Proposition 2.7 Let T be a convolutable semihomogeneous Banach space. Then T x L'(S, ) = Br.

Proof. Welet B =T * L'(S, ). Since T is convolutable we can regard T" as an Banach-L! (S, )-module.
Now Cohen’s module factorization theorem implies that B is a closed subspace of T'. Since R, = h,R, *
R, € T % L*(S, ) the polynomials are in B. For f € B and g € L'(S,7) we use T,.(f * g) = f * Tpg
€ T« L'(S,m) = B to show that

| To(f % g) = Tuo (f x9)ll7 = IIf ¥ Tog — [ * Taogllr < | Tog — Tuogllor || fll2-

The right hand expression approaches 0, as * — xq in S, since L'(S, 7) is a homogeneous Banach space.
Therefore By = span {Ry : k € Ng} C B C Br. O

3 Jacobi Differential Operator

We introduce a closed, densely defined unbounded operator in a homogeneous Banach space B here. We call
that operator the Jacobi differential operator in B. For the spaces LP(S, 1), 1 < p < oo, and C(S), this operator
has been considered by Bavinck [1] and Pawelke [17]. In [10], this operator is treated on L2(S7 7). We need this
operator in Section 4.2, where we characterize Lipschitz spaces as intermediate spaces w.r.t. B and the domain
of this operator.

Definition 3.1 Let B be a homogeneous Banach space. We let
Da={f€B: 3ge€ Bsuchthat §(n) = —n(n+a+ B+1)f(n) foralln € Ny}

and define the Jacobi Differential Operator A: Dy — B, f — g.

Proposition 3.2 Let B, D4 and A be as in Definition 3.1. Then A : Das — B is a closed and densely
defined linear unbounded operator in B. Its domain D 4, with the graph norm || fl|p, == |fllz + |Af| B, isa
homogeneous Banach space.

Proof. The linearity of A is obvious. For every Jacobi polynomial R,, (n € Ny), we have that —n(n + o +
B+ 1)R,, € B. Hence

R,€Ds and AR, =-n(n+a+ B+ 1)Ra, 3.1)

and we see that A is unbounded. Since the polynomials are dense in B, A is densely defined. In order to show that
A is a closed operator, we let (ff“ Af.)n be asequence in the graph G 4 of Awith (fn, Afn) — (fy, g)in B x B.
As the mapping B — C, h — h(k), is continuous we have f,,(k) — f(k) and —k(k+a+F+1)fn(k) = g(k).
Thus,

g(k)y = lim —k(k+a+B+1)f.(k) = —k(k+a+B+1)f(k).

n— oo

It follows that f € D4 and Af = g.

We now show that D 4 is a homogeneous Banach space. From the definition of the graph norm and the fact
that A is a closed operator, we can deduce that (D4, || ||p,) is a Banach space contained in L*(.S, ) and that
for f € Dy wehave || f|lp, > || fllB > Ifllz1(s,x)- So (B2) is fulfilled, and (B1) follows from (3.1). We show
(B3): Suppose that f € D4. Then Af € B, and since B is a homogeneous Banach space we can show that
T,Af € B, forall z € S, as follows: By Fourier expansion, we obtain that, for all n € Ny,

F(TAf)(n) = —n(n +a+ B+ 1)Ry(2) f(n) = —n(n +a + 5+ 1)F(T, f)(n).
This implies T, f € D4, and AT, f = T, Af, forall z € S. Since B is a homogeneous Banach space, we get
1Tefllpa = 1Taflls + 1AT: flls < 1 flls + 1 ToAfllB < | flDa-

Furthermore, for 2y € S,

||Tch - TfoHDA = ||Ta"f - T’cof”B + ||T'cAf - TacoAf”B —0

as x — xg, which yields (B4). O
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It is well known that the Jacobi polynomials fulfill the equality

% (w(m)(l - xQ)CZR;“’ﬁ)(x)) = —n(n+ a+ B+ Dw(x)RP (). 3.2)

The following goes back to Lofstrom and Peetre, see [16]. It also works for general homogeneous Banach spaces.
Integrating (3.2) with bounds in the interior of the interval and letting the upper bound to 1 yields for x € S

Ro(1) = Ru(2) = n(n+a+B+1) [} woi=ey Ji Ru(s)w(s) dsdt. (3.3)

We consider the function 6 : [0,1] x [0, 1] — [0, o],

1 ps 1
0z, 5) = e N oy dt forl >s >z,
0 otherwise,

and the function C' : [0,1] — [0,00[, C(x) = f: 0(x, s) dm(s). With the help of Tonnelli’s theorem it follows
that s — 6(x, s) is w-integrable, and a direct calculation yields the estimate:

m(l—2z) <C(z) < M(1-—2z), forall z € [0, 1], (3.4)

where m and M are positive constants.
Lemma 3.3 Let B be a homogeneous Banach space. Then, for all x € [0, 1], the operator I, : B — B,

1 1
wa::—/ O(x,s)Tsf dr(s), 3.5
oo ), o) f dn()
is a linear contraction on B.

Proof. Since B is a homogeneous Banach space and s — 6(x, s) is w-integrable, the integrand is strongly
measurable. Furthermore,

1 1
1Lz fllB < 7/ 0(z, s)|TsfllB dm(s) < ||f||5-
C(z) Js
Thus I, f € B and I, is a contraction. [ is linear, since so are translation and integral. ]

Lemma 3.4 Let B be a homogeneous Banach space and A be the Jacobi differential operator in B. Let
Sfurthermore {I,}o<z<1 be as defined in Lemma 3.3. Then the following statements are true for any x € [0,1],

1. Forany h € Da, I, Ah = ng;)h'

2. Forany f € B, I,f € Dayand T, f — f = C(x)AL,f.
3. The linear operator Ao I, : B — B is bounded, and Ao I, = I, o Aon D 4.

Proof. Beginning with 2., we show that I, f € D 4. We calculate the Fourier coefficients of C'(x)I,. f. For
all n € Ny, we get

—nn+a+ B+ 1)F(Cx)l,f)(n)=—nn+a+8+1) fxl O(z,s)F(Tsf)(n) dn(s)
= —n(n+a+B+1) [ 0(x,s)Ru(s) dn(s)f(n)

=~ [Ru(1) = Ry(2)] f(n) = F(Tof — f)(n),
where we used (3.3) for the last but one equality. Since T, f — f € B we have C(x)I,f € D 4. The uniqueness
theorem guarantees that AC(z)I, f = T, f — f. The first statement of 3. is a consequence of
1AL fllp = i~ ITef = Tl <
o O
An analogous calculation of the Fourier coefficients of Ah € B instead of f yields 1. For h € D4, we combine
1. and 2. and obtain that C'(z)I, Ah = T,h — h = C(z) Al h. This proves the remainder of 3. O

1f1l5-



4 Lipschitz Spaces

Lipschitz spaces w.r.t. Jacobi translation were defined in [10] in the following way. Let B be a homogeneous
Banach space and assume that 0 < A\ < 1. We define

LipB()\):{feB: sup |Txf_f|B<oo}.

ze[—1,1] (1- 93)’\

Lip(A) becomes a Banach space with the norm || f|rip = [| f|| 5 +SupP,e(_1 1 W For the special choices

B = LP(S,7m), with1 < p < oo, and B = C(5) these spaces are certain Jacobi-Besov spaces. We exemplarily
refer to Bavinck [1], Runst and Sickel [18], and Kyriazis et al. [13] for further work on function spaces related to
Jacobi polynomials.

The space lip 5 () is the subspace of Lip 5 () given by

. s
hpB()‘):{fEB: ilgll %:0}.

Proposition 4.1 Ler B be a homogeneous Banach space and 0 < \ < 1. Then Lipg(\) is a convolutable
semihomogeneous Banach space and the closed subspace lip g(\) is a homogeneous Banach space.

Proof. In [10], it is shown that lip5 () is a homogeneous Banach space. It is implicitly proved there that
Lip () is a Banach space which is contained in L' (S, 7), and that lip 5 () is a closed subspace. It also follows
from [10] that R,, € lipg(A\) C Lipg()), and that, for f € Lipg(\), and 2,y € S, we have ||T, (T, f) —
Toflls < |Tyf — flls. This implies T, f € Lip(A) with | Ts flliip < || flliip-

To see that Lipg(A) is convolutable, let f € Lipg()\) and g € L' (S, 7). Then,

1To(f *g) = f* gl =(Tef = ) glls < [ Tof = flBlglLr

This implies f * g € Lipg(A), and || f * g||lLip < || fllLipllgllL:- O

From Lemma 2.5, Corollary 2.6 and Proposition 2.7 we can deduce the following relation between the little
and big Lipschitz spaces.

Corollary 4.2 Let B be a homogeneous Banach space and 0 < X\ < 1. Then lipg()) is the homogeneous
Banach space in Lip g (), in particular lip g (\) is the closure of the polynomials in Lip g(\). Furthermore,

Lipg(\) * L' (S, 7) = lipg(\). 4.1)

4.1 Equivalent norms based on a modulus of continuity

For a homogeneous Banach space B and ¢ € [—1, 1], a modulus of continuity of f € B is given by

wp(f,t) = S ITef — fllB- 4.2)

Obviously, wp(f,t) is a finite non-negative number. For fixed f € B, t — wg(f,t), is non-increasing in .S, and
wg(f,t) — 0 for ¢ 1 1. It is also easily seen that wg(f + g,t) < wp(f,t) + wp(g,t). This justifies calling
wp modulus of continuity. Note that this modulus of continuity does not fit into the framework of the book of
Ditzian and Totik [9], which is due to the Jacobi translation employed in its definition.

Definition 4.3 We say that a sequence d = {d,, }nen, of real numbers is of type [E], if dy = —1, d is strictly
increasing, lim, ., d, = 1, and there is Cy > 0 such that 1*di - < Cy forall n € Np.

1—d,

We define, for € > 0, the sequence d by d,, := 1 — 2(%)" (n € Np). Then d is a sequence of type [E] with

Ca = Sup,en, % <1+e. 4.3)

Hence we can choose Cy arbitrarily close to 1.
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Lemma 4.4 Let B be a homogeneous Banach space, A €0, 1], and d = {d,, }nen, be a sequence of type [E].
Then,

w s w 1dn
Wiy = 171+ suppeioagy Y252, and || f|luipa =[5 +sup,ey, %)
define equivalent norms on Lipg(\). We have the equality ||f|1;, = |/fl|lLip and C%i 1 lLip < IfllLip.a <
| fllLip, for all f € Lipg(X). The space lip g(N) is characterized by
lipp(\) = {f € B timn 4250 =0} = {re B m vl —of.
Proof. Itisclear that || - [1;, and || - [|Lip,q are norms on Lip 5 (A), and that || - ||rip < || [|1;, and || [|Lip,a <
. w ,t Ty f— Trf—
Il - ||’Lip. Fort € [—1,1] and f € Lipz()), we have (f,({)x) = SUDy<ycq ”uft){” < SUPy<cycq l‘(lfz){”' It

follows that || f||7;, < || f[lLip- Finally, choose ¢ € [—1,1[. Then there is N € N such that dy <t < dy 1, and
we have

we(ft) ~ we(fdn) 1-dy  ws(f.dn) 1-d, wp(fdn) i
% S i)™ S Todn s S SWneny 1o, odyx < CallflLip.a;

where we used the monotonicity of the modulus of continuity. Therefore, || f||Lip < C4l| f||Lip,a- The statement
on the little Lipschitz spaces is clear. O

4.2 Lipschitz spaces as Intermediate Spaces

The purpose of the following is to characterize Lipschitz spaces in terms of K -intermediate spaces. References
concerning interpolation are the books of Bergh and Lofstrom [3] and of Triebel [20].

We begin by introducing Peetre’s K-functional. We consider a Banach space X and let Y C X be a normal-
ized Banach subspace of X, i. e. a linear subspace which becomes a Banach space with its norm || - ||y~ such that
Il fllx < ||flly forall f € Y. Then the K-functional Kx y : X x]0,1] — [0, oo is given by

Kxy(ft) = inf [|f —glx +tlglly. (4.4
gey
We write K instead of K x y when there is no danger of confusion. Information on the K-functional and the
following simple properties can be found e.g. in [6]. For fixed ¢, K (-, t) is a norm equivalent to || - || x with
bounds
tfllx < K(f.1) < Ifllx forall f € X. 4.5)

Furthermore, for fixed f € X, the mapping ¢ — K (f,t), is non-decreasing and concave. For h € Y, we have
K(h,t) < t|[h]y. (4.6)
We define, for A €]0, 1],
(X,Y)ax ={f €X: sup,ey n/\K(f7%)<oo}. 4.7)

In [7], Butzer and Scherer denote this space by [X, Y]g',oo’ - They show that (X,Y") x is a Banach space with
the norm || f|[x,x = sup,ey n*K(f,2). Furthermore, Y C (X,Y )y x C X with continuous embeddings. In
addition, (X,Y") i is contained in the closure of Y with respect to || - || x.

In our setting, the part of the space X above is played by a homogeneous Banach space B, whereas the role
of Y will be taken by the Jacobi differential operator from Section 3. The following proposition is known for
LP(S,m), 1 < p < oo,and C(S), see [1] and [17].

Proposition 4.5 Let B be a homogeneous Banach space, A : D 5 — B be the Jacobi differential operator in

B, and D 4 be equipped with its graph norm. Then there are constants m, M > 0 such that, for all f € B, and
all't € [-1,1],

m (w(f,t) + Ffls) < K(f, 52) < M (w(f,t) + 5 fll5) - (4.8)



Proof. At first, consider ¢ € [—1,0]. We can estimate the K -functional from both above and below by a
positive constant times || - || 5. We can also estimate the modulus of continuity from above by || - || 5 multiplied
with a positive constant. This implies that (4.8) is valid for ¢ € [—1,0]. So we can restrict to ¢ € [0, 1] in the
following.

For the remainder of this proof, let m;, resp. M;, always denote positive constants which are independent of
f € Bandt € [0,1[. We begin with the first inequality. It follows from (4.5) that 11| f|| g < K (f, 15%). Thus
it is enough to find m; > 0 such that, for all f € B,

w(f,t) <my K(f, 15). 4.9)

For g € D4 and x € [0, 1[, Lemma 3.4.1 implies that T,g — g = C(x)I,Ag. I, is a contraction, and we use
(3.4) to find ms, such that

1Teg — gllp < C(@)[[Agllz < ma(1 — 2)[|Ag| -

Therefore there is m3 > 0 such that w(g,t) = sup,<, <1 |79 — gll < msi5t ||Ag||s. So, for f € B, and
g € D4, we have, by the properties of the modulus of continuity, that

w(f,t) <w(f—g,t) +wlg,t) <2/f —glls +ms'5t |Agls
< max(2,m3) (If = gz + 5" llgllp.) -

Passing to the infimum with respect to g € D 4 yields (4.9).
In order to show the second inequality in (4.8), choose f € B. Consider, for ¢ € [0, 1], the element I; f, where
I, is given in Lemma 3.3. From Lemma 3.4.2 we deduce that I; f € D 4, and that

1
Bf=f =gy [ 05T = p) dn(s)

It follows that

1
12 = Fllp < oy [ OIS = Fl dr(s) < supycocs T2 = flls = (1)
We use again (3.4) and find M; such that

K (f,454) <If = fllz+ 540 lps < w(f,)+ 5 (|am(@s - 0|, + 12715)
<w(f,t) + Myw(f 1) + F*fls,
which completes the proof. O

Corollary 4.6 Let B be a homogeneous Banach space, A €]0,1[, A : Ds — B be the Jacobi differential
operator in B and D 4 be equipped with its graph norm. Then

(B, Da)xx = Lipg(A), (4.10)

i. e. they are equal as sets and their norms are equivalent. Furthermore, lipg(X\) corresponds to the closed
subspace

(B,Da k= {f € (X;Da)rx : lim,oon*K(f, 1) =0}. 4.11)
Proof. Define the sequence d = {d,, } nen, of real numbers by d,, := 1 — n%rl Then d is of type [E] and
Lemma 4.4 ensures that || - ||Lip,¢ 1S an equivalent norm on Lip (). Now a calculation using Proposition 4.5

yields (4.10). In order to see (4.11) take g € lipz(\). We have, for all n € N,
K (g, %) < Mn w (g7 1— %) +M7L1%AH9HB7

where M > 0 is independent of g and n. On the one hand, we get that g € (B, D A)g, K> since both summands
on the right-hand side approach zero for n — co. On the other hand, if g € (B, D A)g, x> (4.8) implies that
n*w (9,1 — 2) — 0 for n — oo and Lemma 4.4 tells us that g € lipg()). O
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5 The Second Dual of lip;(«)

We begin this chapter by showing that the embedding i : (Da,| - [lp,) — (B,|l - ||z) is compact. Then we
show that the embedding j : ((B,DA)&K, I l(B,Da)e ) = (B, - |3) is weakly compact, which allows us
to characterize the second dual of lipz ().

Definition 5.1 Let B be a homogeneous Banach space. The Weierstrafl semigroup is defined as the family of
operators {W; },>¢ given by

Wy : B — B, Wof =f, Wif=wy*f fort >0,

where w, = Y00 | e (et SENIR
Since h,, = O(n***!) for n — oo and sup,,cr, [|Rullri(s,r) < SUPnen, I[Rnlloo = 1, wy exists as an
element of L'(S, ) for all ¢ > 0 as an absolutely convergent series.

Proposition 5.2 Let B be a homogeneous Banach space. Then the Weierstrafs semigroup {Wy}>o is a Co-
semigroup of contractions on B, whose infinitesimal generator equals A, the Jacobi differential operator.

The {w;}+~¢ are positive in the ultraspherical case which is a result of Bochner (see Theorem 3.4.3 of [5]).
Gasper pointed out its validity for Jacobi polynomials in [11]. Now it is easy to see that the family {w /;}i>0
defines a positive approximation kernel and by Corollary 2.3 {W;};>¢ is a Cp-semigroup of contractions on B.
It can be shown that the infinitesimal generator of {W; },>¢ is A, as pointed out by Bavinck [1]. The argument is
similar to the one used by Butzer and Behrens in [6], Theorem 1.5.4. When we denote the infinitesimal generator
by C' and take g € D¢, then computing Fourier coefficients of C'g yields g € D 4, and if we suppose g € D 4, we
approximate g in D 4 by convolution with a polynomial approximation kernel. These polynomials are elements
of D¢ and since Ap = Cp for every polynomial p, the closedness of C ensures that g € D¢.

Recall that a Cy-semigroup {U, };>o in a Banach space is called compact, if for each ¢ > 0 U, is a compact
operator.

Proposition 5.3 The Weierstraf3 semigroup {W; },>0 on a homogeneous Banach space B is compact.

Proof. We fix t > 0 and show that W is compact as the operator-norm limit of operators with finite dimen-
sional range. Therefore, for n € N, we let

n
wgn) — Z €7k(k+a+ﬁ+1)tRkhk.
k=0

We let Wt(n) operate on B via Wt(") (f) = wt(”) * f. Then Wt(") (B) C spano<k<n {Rk}, and we have

W, =W lpsp = SUp||g)p<1 Wt * g — w™ x g||p

< supyg <t llwr —wi™ allgls = llwn —wf™ .
But
P CO NI > —k(k+a+B+1)t
hwe = w™ =320 e Ridi|
o0
< suppen || Bill: - (zk:nH efk(k+a+ﬁ+1)thk) 7
and since hy = O(k?*T1), the infinite scalar sum converges to zero as n — oo. This completes the proof. O

Proposition 5.4 Let B be a homogeneous Banach space and let A : Ds — B be the Jacobi differential
operator. Then the embedding i : (Da, | - ||p.) = (B, | - ||B) is compact.

Proof. Wedefine H: (Da,||lp,) — (B,|-|ls), Hx := (I — A)x, which is continuous since | Hz||p =
lx — Az||g < ||z||B + ||Az||B = ||=||p, - Now consider

(I=A)7 (Bl lls) = (Da, - I)-

By Proposition 5.3 the Weierstra3 semigroup is compact and by Proposition 5.2 A is its infinitesimal generator.
From Pazy’s theorem it follows that (I — A)~! is compact. Hence i = (I — A)~! o H is compact. O
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Recall that Gantmacher’s theorem states that a bounded linear operator 7' : X — Y, where X and Y are
Banach spaces, is weakly compact if and only if its second adjoint T** obeys: T**(X**) C Q(Y'), @ denoting
the canonical embedding.

The following essentially uses adaptions of interpolation techniques used by Beauzamy in [2], chapitre II,
there attributed to W. J. Davis, T. Figiel, W. B. Johnson and A. Pelczynski.

Proposition 5.5 Let B be a homogeneous Banach space and 0 < A < 1. Ifthe embeddingi : (Da,|-||p,) —
(B, || - llB) is weakly compact, then

g+ (tipg), [l lip) = (B, |- Ils), 3(f) = £,
is weakly compact.

Proof. In this proof Kx(r) denotes the closed ball with radius r in the Banach space X. Let f € lipg()\),
such that || f||1;p < 1. By Corollary 4.6 there is a constant C' > 0, independent of f, such that forevery t € [—1, 1]
there is g; € D 4 with

() 7MF = gl + (359 Mgelpa < Cliflhip < €

Therefore for every t € [—1, 1] we have

f=Ff-g+g € Kp(C(.FH)") + Kp, (C(35H)*). (5.1)

Now we consider the balls in (5.1) as subsets of B** via the canonical embedding ). By assumption, the
closure of Kp,(C(35%)*~1) in B is weakly compact, hence its image under () is weak-*-compact in B**.
Since addition is weak-x-continuous and Kp--(C(15%)*) is weak-+-compact, we get that Kp--(C154)* +

Q(Kp,(C(154)2 1)) is weak-+-compact, in particular weak-*-closed. Hence it follows that

Q(Byp(1))” cﬂte o K (C(59) + Q(Kp, (C(EL)D)
Ve K (CEN +QEB) = Q(B).

The weak-*-continuity of j** and Goldstine’s theorem yield

*
w

57 (Bip+ (1)) = 7 @i (Bip() ) € QUBip(D)" C Q(B).

This completes the proof using Gantmacher’s theorem. O

In the following we factor the embeddings of our Lipschitz spaces into the homogeneous Banach space through
a sequence space of suitably chosen Banach spaces. For this purpose we consider a sequence of Banach spaces
{Xn, || |ln}tnen. We define

(ZneN Xn)oo ={{zn}nen : zn € Xp, sup,ey [|2nlln < 00}

(D _nen Xn)oo is a Banach space and

(ZneN Xn)o = {{In}neN S (ZneN Xn>oo s limpen |20, = ()}

is a closed subspace. The p-sums (3 .y X»), shall be defined analogously for 1 < p < oo. Similar to the scalar
case, dualities can be implemented as follows:

(5,00, (S,5), 0 o .
(Zn XZ)I - (Zn X:L*)oo’ x** = {x**|(0""’0’X:’0"")}TLGN .
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Under these identifications the canonical embedding from (3 X,)o into its bidual reads

neN

(ZHGN Xn)o - (Zn X;;*)OO , {zntnen = {Qan bnen.

We recall the following well known facts. If T is a topological isomorphism from a Banach space X into a
Banach space Y, then so is 7%* : X** — Y** which has image T'(X)**+ = Q(T(X ))w*. Furthermore, if there
are bounds C, ¢ > 0 such that ¢|| f|| < ||Tf|| < C||f]| forall f € B, then also c|| f**|| < ||T** f**|| < C||f**||
for all f** € B**.

Theorem 5.6 Let B be a homogeneous Banach space. Then
lipp(A)™ = Lipp(})

with an isometric isomorphism.

We split the proof into several parts. Notation and definitions once introduced in one statement will be used
in the following ones without reference. B shall always denote a homogeneous Banach space and we always
assume that 0 < A < 1.

For € > 0, we consider a sequence d = {d, }nen, Of type [E] with Cy < 1 + . We let F, (n € N) be the
space B equipped with the norm

. 1 wB('adn—l)
Il = g el s+ s
We define
Fy.=Ba& (ZHEN Fn)o. (5.2)

Here @, denotes the [;-sum of the two Banach spaces. We denote elements in Fy ¢ by {f5, }nen,, where fo € B
and {fn}nEN € (ZnEN Fn)o .
Lemma 5.7 Let ¢ > 0, and let the sequence d = {d,, }nen, be of type [E] with Cq < 1+ ¢. Then

¢d,s : LlpB()‘) — Fd,ea f — (.fv (fa teey fv ))a
is a topological isomorphism and, for all f € Lipg(X),

iz fllip < 16aefllr,. < (1 +e)llfllLip. (5:3)
The same is valid for the restriction of ¢q ¢ to lip g (), which we denote by ¢ ..

Proof. By Lemma 4.4 we have that o [[flluip < [IfllLip.a < [[f]lLip- Since [[fllLip.a < da.-/]

< (14 €)|| fllLip,a; we get that (5.3) holds true. FdEJ
We let
Tde : Fae — B, (fo, (f1, s fn,--)) = fo
We identify the dual and second dual of F}; . in the way pointed out above.
Lemma 5.8 For the second adjoint of ¢4 ., we have that
im(pg%) = {(Qf, (-, Qf,..)) : f€Lipg(N)}. (5.4)

Proof. Via identification, we get F;% = B** @1 (3.,,cn Fi*) - We let Fronst be the constant sequences

in B** @, (ZneN F;;*)oo . We start out by showing that im(gon‘E) C Fonst- To this end we show that Fi,g 1S
weak-*-closed. Let accordingly xD** s 1** be a weak-*-convergent net in Fqpnee With limit **. For f* € B*,

and ny,ny € Nwithn; # ny, we choose two one-peak-sequences {z}; }neng, {U5 bneNg € B*@oo (X nen, Fir) .
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such that {z} }nen, = {Onny [ tnen, and {y}: tneny = {0nno f* nen,- Here § is the Kronecker symbol. We get
that

nlf - hmlEI x’sLl)**f* = hmlef Jf {xn}neNo =

_ 7 : 7)kk pk *k Pk
= hszIx( {yn}nGNo - hmiGngLQ) f - xngf .

This means that ** is constant. Hence Fi,,s is weak-*-closed. Let j denote the embedding of lip B()\) into B.
Then j = 4. © pa,c, and it follows that j™* = 73 o @7* . Since im(¢7",) C Feonst, we know that 7/ m(ey) is
injective and so,

m(03) = Tk (7 (b5 (V) © il (Q(B))
C{(QF.(n@F.)): £ € B, IIfll5 +suppen ]|, < o0}
— {{Qf Ynew, : f € Ling(V)},

where the first inclusion follows from Proposition 5.3 and Proposition 5.5. Here {Qf},en, is the sequence
having @) f in every component. For the reverse inclusion in (5.4) let f € Lipz (). Choose a positive polynomial
approximation kernel { K, },nen and define f(™) := K,, * f. Then f(™) — fin B and ™) € lipg()\), since
O fom) llLip, 0 < I fllLip, (n)- We intend to show that @a.cf™) is weak-*-
convergent to {Q f }nen, . which would complete the proof. To thatend let f* = {f;}ien, € BBoo (X;en FiF),
and 6 > 0. Choose K € N such that

€N

o0 . 6
> e < R ISR

i=K+1

Because F; is topologically isomorphic to B for all i € N we can find M € N such that forall i € {1,..., K},
we have

£ = Flls + £ = fllr, <

forall m > M.

0
L7
We obtain, for m > M,

\{Qf}neNo< - (Qsodgﬂm Z £
<2l \Z e f“")! \z e ST

We estimate the first summand by

> e N = (T e MR supisir 1 lm, < rrtgylidactll < 4,

the second summand by

K
S £ = 1) < ey I < 4,
and the last summand using (5.3) by

S ]

IN

(Zl K+1

5
mw”sﬁd@f(m)n <%

) SUPK 1< ||f(m)| F,

i

IN

Altogether,

(f*) = (Qpaef™)(f*)] < 6. This completes the proof. O
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Proposition 5.9 The mapping
37 s lipg(A)™ — Lipg(A)
is an isometric isomorphism.

Proof. Let f** € lipg(A)** and € > 0. Choose Fy . according to Lemma 5.7, such that ﬁHgH < || @ac9ll
< (14 ¢)llg|| for all g € Lipg(A). In particular, these inequalities are valid for lipz(A). By the properties of
second adjoints, we obtain that lis 10 < Nl f Il < (1 + )|l f*||. If we denote the right hand space of
(5.4) by Y and consider qﬁ;i :Y — Lipg(\), y — d);iy, we get by using (5.3) that, for all y € Y, ﬁ”y”

< HQZ;;Z/H < (1 + ¢)||y||. Furthermore, j** = qﬁgi o 3", and it follows that

T < 1 < (L 2

Since ¢ has been arbitrary, the proof is complete. O
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