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Exercise 1

For m,n ∈ N, show that the q-binomial number is[
m+ n

m

]
q

=
∑

qarea(π),

where the sum runs over all lattice paths using north and east step from (0, 0) to (m,n), and area(π) is the
number of boxes below the path. Hint: show first that

[m+ n]q = [n]q + qn[m]q.

Exercise 2

Show that the first q-analog of the Catalan number

1

[n+ 1]q

[
2n

n

]
q

is a polynomial in q.

Exercise 3

The space of harmonics is defined as

Hn :=

{
h ∈ Q[x1, . . . , xn] :

n∑
i=1

∂k

(∂xi)k
h = 0, for k ≥ 1

}
.

(i) Explicitly compute H1, H2 and H3.

(ii) Show that the Vandermonde determinant
∏

1≤i<j≤n(xi − xj) belongs to Hn.

Hint: Use part (i) of Exercise 4, and the fact that every non-zero antisymmetric polynomial is divisible by
the Vandermonde determinant (the “smallest” non-zero antisymmetric polynomial).

(iii) Show that Hn is the span of the Vandermonde determinant
∏

1≤i<j≤n(xi − xj) and all its partial
derivatives of all orders.

(iv) Show that
dim(Hn) = n!

Exercise 4 (Optional)

The symmetric group Sn acts on a polynomial h ∈ Q[x1, . . . , xn] by

(σ · h)(x1, . . . , xn) = h(xσ(1), . . . , xσ(n)).

For f ∈ Q[x1, . . . , xn], we denote by ∂f the partial differential operator ∂f = f( ∂
∂x1

, . . . , ∂
∂xn

).

(i) Show that
(∂(σ · f)) (σ · h) = σ · (∂(f)(h)) .

(ii) Show that Hn is closed under the action of the symmetric group.

(iii) Show that Sn-action on Hn is isomorphic to the regular representation of Sn.
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