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THE PROBLEM

Find “nice” texture maps
m simplicial surface -
K={V.E,T}

= metric data | =i )

7~
L= {lij|eij cE,l;;> 0}

V={vl <i<n}
E ={e;li,j€V}

T ={t;jkleij,eji,eri €E}
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THE PROBLEM

Find “nice” texture maps
m simplicial surface

K={V,ET)}
= metric data
L={l;jlejj€ E,l;; >0}
= new (flat) metric L
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ANSATZ

Seek conformally equivalent metric
m data: simpl. complex & lengths

= output: new metric (i.e., lengths)
g=eg  K+0—K=0

new original ignore boundary
metric metric for the moment
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ANSATZ

Seek confor
m data: sim

mally equivalent metric

ol. complex & lengths

= output: new metric (i.e., lengths)

~r

m variables

u(v;) =

g=es K#0—K=0

at vertices

. _ Uuji+u;
wp | ljj=1ljjem
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ANSATZ

Seek conformally equivalent metric

3

m data: simpl. complex & lengths
= output: new metric (i.e., lengths)
g=es K#0—K=0 k
= variables at vertices
u(vi) =u; | Ljj=L;e" A .
m goal: desired angle sums f /
O(vi) = Xy, v O (i ujyug) = O; [ Sy |
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NON-LINEAR PROBLEM

Find u(V) to satisfy angle sum targets
= from lengths to angles

: Q. — l C
VieV:0;= Z Ocjk(ui,uj,uk) b
L; 1.2V
ijk=2Vi ‘ l
_ —a-+b—+c)(a+b—c a .]
[2 tan™"! \/((ab—l—c)zé—i—b—l—c))]

N— ( watch out for ]

l triangle inequality!
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NON-LINEAR PROBLEM

Find u(V) to satisfy angle sum targets
= from lengths to angles

k
VieV:0,= Z Od}k(ui,uj,uk)
| lijk2Vi l
® ...a miracle occurs ... '

J
This system of equations
< can be integrated!
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THE ENERGY

Find minimum of a convex energy
= Milnor’s Lobachevsky function

X
T (x) = —/O log 2| sin?|di

[: .
0.4 ]k . . l
N = 2s1n & ik
5T IN 2 2s [}
0.4 loglix —logR = log2sin O‘;'k
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THE ENERGY

Find minimum of a convex energy
= Milnor’s Lobachevsky function
= for each triangle R
[ f(x12,%03,%31) =

lengths ]/ a1x23 —I_ a2x31 —I_ a3x12—|_ 051
JI(a) + J1(on) + JI(03) el o
[xiJ':)Lij—Fui—l—uj]

X31
e €x23

logarithmic input lengths -/
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THE ENERGY

Find minimum of a convex energy
= Milnor’s Lobachevsky function

= for each triangle

{dc,{, f(xl]a ]kaxkz) =T — OCZJ

\

_Z( ulau]auk (Mi‘|‘blj—|—uk))-|—2(:)iui
tijik€l v;EV

\_
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THE ENERGY

Properties

m convex: Hessian is pos. semi-def.

ul Hu = Z (cotajk—l—cotaléj)(uk—uj)z

eijEE \ ~— [ only one term for ]

boundary edges
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THE ENERGY

Properties
m convex: Hessian is pos. semi-def.
ul Hu = .§E(C0t Oc;k + cot Oclij)(uk — uj)2
- solutioen”exists = is unique min E (u)

= gradient flow is curvature flow

%u(t) = —VE(u(t)) = K- K(¢)

\ target I
curvature
\.
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THE ENERGY

Properties

m convex: Hessian is pos. semi-def.

ul Hu = Z (cotoc;k—l—cotocléj)(uk—uj)z

eijEE
m solution exists = is unique min E (u)

= gradient flow is curvature flow

~/

%u(t) = —VE(u(r)) = K — K(7)

b) = what about triangle inequality?!
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DOMAIN OF DEFINITION

Not just any u value is cool...
= triangle inequality

legal range
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DOMAIN OF DEFINITION

Not just any u value is cool...

= triangle inequality NN
= extend definition (rmrm=o

_ —a+b+c)(a+b—c
o= 1}6 (Ztan 1 \/ ((a—b+c)2§l+b+c))>

Real part
[ only ] ////

t AMa=2A3=A31=0 | —
[ Functional remains Clin u ]
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DOMAIN OF DEFINITION

Not just any u value is cool...
= triangle inequality
= extend definition

_ —a+b+c)(a+b—c
o =Re (Ztan 1 \/ ((a—b+c)2§l+b—i—c))>

® minimum may occur |
atillegal values... / (monol

~. . ® conditions for existence guarantee?
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BOUNDARY CONDITIONS

Fixing variables
= fix u; let ®; vary
m U;=0:isometric bndry. ,
= nice for cut-boundaries!

= unknown cone angles
= arbitrary topology

= fix O, let u; vary
= rectangle, disk...
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PRACTICALITIES

Convex optimization
= Newton-Steihaug trust region

(‘)‘ 246810 iterations
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PRACTICALITIES

Convex optimization
= Newton-Steihaug trust region

= Petsc/TAO library
= SSOR precon for cotan system

= layout: dual spanning tree
m achieves 109 to 1013 acc.

b) = alternatively: Dirichlet problem
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CONFORMAL EQUIVALENCE

From continuous to pair of meshes
ujmJ

~ _ u T U U ;
g=e"g lij=e"l;je

m equivalently:

~/)

. — [ 1] T '
Crjj = Lily; Ljkly; L

) [ l<

[~

’ MULTI-RES MODELING GROUP



CONFORMAL EQUIVALENCE

From continuous to pair of meshes
ujmJ

~ _ u T U U ;
g=e"g lij=e"l;je

m equivalently:

~ _ 7717y 7—-1_ .. /
Crij—lilllj Ligly; ™ = crj; I
Length cross ratios [ N
are preserved N
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WHY U=0 ON BOUNDARY?

In the continuous setting
= conformally equivalent metric
K=e?(K—Au) flat = Au=K |
= choose “least varying”: Py

min/\a’u|2
flat u

[@ oy = C]
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WHY U=0 ON BOUNDARY?

In the continuous setting
= conformally equivalent metric
K=e?(K—Au) flat = Au=K |
= choose “least varying”: P

min/ dul?
flat u

[@ oy = C]
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DUAL FUNCTIONAL

Angles/lengths are dual variables

= functional in angles
f(aiaajaak) —

)'ijak + ljkOCi + lkiOCj—l-
JI((xi) + .H(OC]') + .H(Oék)

7

ZZ(CZ):: }E: of(CWU(Xj7O%)

tijkET

\

original logarithmic
lengths

(

a§k>0 )

i J k _

J

.

\_

) “jk =0

t,-jkai )
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DUAL FUNCTIONAL

Angles/lengths are dual variables

= functional in angles

(E(OC) = ) floy o 0)

tl'jkET

.

\

r

~N

i
qm:>0

oyt o+of=m
J’\/ nt v

J

\_

Y, o =6

tijkai )

m length cross ratios invariant i

VE =0 <

lilljk:iilijk l
ilki 1l
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THE BIG PICTURE

Discrete conformal structure ;

= simplicial mesh Zjj Zki
—1 —1
m preserve: “j

m phase: circle patterns
= can’t read off angles directly...

= magnitude: new functional

= CAN read off lengths directly!
MuLTI-RES MODELING GROUP
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TODO LiIST

Future work
m conditions for existence
= intrinsic Delaunay not required!

m automatic cone singularity
placement

= U provides potential hook

first Newton 0 _ sparse approximation
\( [ step I AM =K 4_[ problem
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